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Resume 



Les membranes lipidiques constituent des materiaux tres particuliers: d'une part, 
elles sont trcs pcu resistantes aux ctircments microscopiques; d'autrc part elles sont 
extremement flcxibles, presentant des deformations meme a des petites echelles. 
En consequence, une portion de membrane possede un exces d'aire relatif a I'aire 
optiquement visible, qu'on appelle I'aire projetee. D'un point de vue mecanique, on 
pent alors distinguer trois tensions associees aux membranes lipidiques: la tension 
mecanique effective r, associee a I'augmentation de I'aire projetee et au lissage des 
fluctuations; la tension cr, associee a I'aire microscopique de la membrane et done 
non-mesurable, mais couramment utilisee dans les predictions theoriques; et son 
equivalent macroscopique mesure a travers du spectre des fluctuations, r. Jusqu'au 
moment, pour interpreter les donnees experimentales, on suppose I'egalite entre ces 
quantites. Dans cette these, nous avons etudie, en utilisant le tenseur des contraintes 
projete, si et sous quelles conditions il est justifie d'assumer r = a. Nous avons 
etudie trois geometries (planaire, spherique et cylindrique) et obtenu la relation 
r ~ (T — ctq, oil (To est une constante qui depend seulement du plus grand vecteur 
d'onde de la membrane et de la temperature. En consequence, nous concluons que 
negliger la difference entre r et cr est justifiable seulement pour des membranes 
sous grande tension: pour des tensions faibles, il faut considcrer des corrections. 
Nous avons etudie les implications de ce resultat a I'interpretation des experiences 
d'extraction de nanotubes de membrane. En ce que concerne r, nous questionnons 
une demonstration precedente de son egalite avec r. Finalement, la fluctuation 
des forces pour les membranes planes et pour des nanotubes de membranes a ete 
quantifiee pour la premiere fois. 
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Abstract 



Lipid membranes constitute very particular materials: on the one hand, they 
break very easily under microscopical stretching; on the other hand, they are ex- 
tremely flexible, presenting deformations even at small scales. Consequently, a piece 
of membrane has an area excess relative to its optically resolvable area, also called 
projected area. Prom a mechanical point of view, we can thus identify three tensions 
associated to lipid membranes: the mechanical effective tension r, associated to an 
increase in the projected area and to the flattening of the fluctuations; the tension 
cr, associated to the microscopical area of the membrane and thus non measurable, 
but commonly used in theoretical predictions; and its macroscopical counterpart 
measured through the fluctuation spectrum, r. Up to now, the equality between 
these quantities was taken for granted when analyzing experimental data. In this 
dissertation, we have studied, using the projected stress tensor, whether and un- 
der which conditions it is justified to assume t = a. We studied three geometries 
(planar, spherical and cyhndrical) and obtained the relation r ~ a — uq, where ctq 
is a constant depending only on the membrane's high frequency cutoff and on the 
temperature. Accordingly, we conclude that neglecting the difference between r and 
a is justifiable only to membranes under large tensions: in the case of small tensions, 
corrections must be taken into account. We have studied the implications of this 
result to the interpretation of experiments involving membrane nanotubes. Regard- 
ing r, we have questioned a former demonstration concerning its equality with r. 
Finally, the force fiuctuation for planar membranes and membrane nanotubes was 
quantified for the first time. 
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Preambule 



Les membranes biologiques sont constituees principalement par des molecules 
lipidiques amphiphiles, i. e., des molecules qui possedent un groupe hydrophile 
et un groupe hydrophobe. Le caractere amphiphile de ces molecules donne des 
proprietes tres particulieres aux membranes lipidiques: d'une part, leur cohesion 
est assuree principalement par des interactions hydrophobes-hydrophiles entre les 
lipides et I'eau et d'autre par, la membrane presente une rigidite de courbure. Le 
fait que les membranes s'associent surtout par repulsion a I'eau et non par des liaisons 
chimiques a pour consequence la grande mobilite de ces molecules a I'interieur de la 
membrane (ce qui explique I'expression liquide bi-dimensionnel frequemment utilisee 
pour designer de membranes lipidiques) et une grande fragilite a des etirements au 
niveau molcculairc. Unc autre consequence est Icur grande flcxibilitc: les membranes 
lipidiques sont facilement deformables, meme a des cchcUcs plus pctites que celles 
accessibles experimentalement. Une portion de membrane possede alors un exces 
d'aire relatif a I'aire optiquement discernable, qu'on appelle I'aire projetee. 

Imaginons maintenant une experience: une portion de membrane est attachee a 
un cadre. Une force laterale r est appliquee sur le cadre de fagon a augmenter I'aire 
projetee de la membrane. La force r correspond a la force necessaire pour lisser les 
fluctuations de la membrane. EUe est done d'origine purement entropique et nous 
I'appelons alors tension mecanique effective. Experimentalement, elle correspond 
a la tension appliquee a tr avers des micropipettes sur des vesicules, par exemple. 
Malheureusement, les predictions theoriques concernent normalement la tension a 
associee a I'aire microscopique de la membrane, qui n'est pas mesurable. En ef- 
fet, a travers I'analyse du spectre de fluctuation des membranes, il est uniquement 
possible de mesurer I'equivalent macroscopique de a, la tension r. En consequence, 
lors de I'interpretation des resultats experimentaux, I'egalite entre ces tensions est 
couramment admise. Dans cette dissertation, j'ai alors examine, sous la direction 
de Jean-Baptistc Fournier, si et sous quelles conditions cette hypothese est valable 
pour des geometries divcrses. 

Dans la premiere partie de cette these, nous etudions le cas d'une piece plane 
de membrane (resultats presentes dans le chapitre 2 et publies en [1]). Dans la 
litterature scientifique, nous trouvons quelques relations entre r, a et r, sans qu'il 
aie un consensus [2], [3]. Toutes ces derivations, cepcndant, partent de I'energie 
libre, ce qui peut-etre tres subtile, comme on discutcra dans la section 2.2. Nous 
avons alors utilise comme base de nos calculs le tenseur des contraintes projete, un 
outil developpe recemment [4] et introduit en 1.5.2, a partir duquel on a pu obtenir 
directement la tension r en fonction de a: 
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r ~ a - do , (1) 

ou (To est une constante qui ne depend que de la temperature et du plus grand vecteur 
d'onde de la membrane. Ainsi, il est justifiable de considerer r ~ cr seulement 
pour des fortes tensions. Dans ce chapitre, nous questionnons aussi une ancienne 
demonstration de I'egalite entre r et r [2] : nous attendons done en general t ^ a ^ r. 

a partir du tenseur des contraintcs projete, il est aussi possible d'examiner la cor- 
relation des contraintes sur la membrane. Ces resultats incdits sont presentes dans 
chapitre 3 et indiquent que ces correlations decroissent tres rapidement, indepen- 
demment de la tension de la membrane. Les calculs developpes dans ce chapitre ont 
ete fondamentaux pour introduire et maitriser une representation diagrammatique 
des moyennes proposee par nous et inspiree des diagrammes de Feynmann. Ces 
outils sont repris dans le chapitre 6 et simplifient grandement les evaluations. 

Experiment alement, une piece planaire de membrane est difficile a manipuler. 
Plus populairement, des vesicules de grande taille qui peuvent etre manipulees avec 
de micropipettes sont utihsees en laboratoire. Nous avons alors etudie le cas des 
vesicules quasi-spheriques fermees (dont le volume interne est fixe) et percees (dont 
le volume n'est pas contraint) dans la partie II de cette these (resultats obtenus en 
collaboration avec Alberto Imparato et publics sur [5]). Apres avoir derive le tenseur 
des contraintes pour cette geometric, nous concluons que la difference entre r et cr 
est bien approximee aussi dans le cas des vesicules spheriques (percees ou non) par la 
relation montre dans l'eq.(l). Une consequence interessante est la possibilite d'avoir 
une vesicule dont la pression interne est plus petite que la pression externe, ce qui 
est impossible pour le cas d'une goutte de liquide. 

Dans la troisieme partie de la these, nous examinons les consequences de nos re- 
sultats pour les experiences d'extraction de nanotube de membrane (resultats publies 
en [6]). Dans ces experiences, une bille en verre, par exemple, est attachee a la mem- 
brane. Avec une pince optique, une force est appliquee a la bille et un nanotube 
de membrane est extrait. Jusqu'au moment, ces experiences ont ete interpretees en 
supposant la vahdite de deux hypotheses: la difference entre entre r et cr est neg- 
ligeable et les fluctuations thermiques des tubes peuvent etre egalement negligees. 
Dans ces conditions, une relation tres simple relie la force appliquee par la pince 
optique a la tension de la membrane. II a ete cependant montre que ces fluctuations 
sont tres importantes du a la presence de modes tres peu energetiques [7] (modes 
de Goldstone). Nous avons dedie le chapitre 5 a I'etude les effets des fluctuations 
thermiques sur la relation entre la force et la tension de la membrane. Curieuse- 
ment, nous concluons que par coincidence, ces cffcts sont compenses par I'hypothese 
T a dans Ic regime dc forte tension, justiflant a posteriori le traitement habituel 
des donnees experimcntales. 

Avec le montage experimental utilise pour extraire des tubes de membrane, nous 
pouvons non seulement mesurer la force necessaire pour I'extraire, mais aussi la 
deviation quadratiquc moyenne de cette force dans la direction de I'axe du tube. 
Cette quantite pourrait fournir des informations supplementaires sur les caracteris- 
tiques mecaniques des membranes. Utilisant les outils diagrammatiques introduits 
precedemment, nous evaluons alors la deviation quadratique moyenne de la force 
necessaire pour extraire un tube dans le chapitre suivant. Nous predisons une depen- 
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dance tres faible de cette quantite en fonction de la tension et de la rigiditc de cour- 
bure. En consequence, la fluctuation de la force est pen utile pour la caracterisation 
mecanique des membranes. Par contre, nous discutons dans ce chapitre une possible 
utilisation dans la caracterisation de I'activite des pompes actives inserees dans les 
membranes. 

Finalement, dans la derniere partie, nous presentons les premiers resultats con- 
cernant une simulation numerique proposee par nous dans I'objectif de verifier nos 
previsions. Nous considerons une piece planaire de membrane attachee a un cadre 
circulaire. La membrane a ete modelisee de fagon tres simplifiee par des particules 
effectives reliees par un reseau triangulaire dont les liaisons se rearrangeaient pour 
assurer la liquidite de la membrane. L'objcctif de cette simulation est de rcproduire 
les conditions d'une vraie experience: la tension r etait controlee par la tension 
appliquee au cadre circulaire et le spectre de fluctuation pouvait etre mesure. En 
outre, dans ce cas, la tension interne a pouvait etre lie a I'extension des liens entre les 
particules effectives et done estimee. Du a des contraintes de temps, nous presentons 
dans ce chapitre seulement quelques resultats preliminaires. 



PREAMBULE 



vii 



PREAMBULE 



viii PREAMBULE 



Remerciements 



Initialement, je voudrais remercier Jean-Baptiste Fournier pour m'avoir permis 
de faire cette these sur un sujet que je trouve tres interressant. J'ai beaucoup 
apprccic le fait que mon travail soit thcorique, mais jamais tres eloignc dcs applica- 
tions/verifications experimentales. Merci pour m'avoir pousse a m'amcliorcr, surtout 
dans la clarte des mes textes - j'ai beaucoup rale, mais j'ai beaucoup appris! 

Je voudrais aussi remercier aux deux coUaborateurs avec qui j'ai travaille: Al- 
berto Imparato et Luca Peliti. Vous m'avez fait sentir sufRsamment a I'aise pour 
dire a voix haute les idees qui me traversaient la tete. 

Dans la suite, je remercie a tous mes incroyables coUegues de bureau et d'enseignement 
pour la bonne ambiance et les bons souvenirs: 

• Yann, pour sa patience toute orientale; 

• Pranck, pour son attitude "no stress"; 

• Kristina, ma copine de bureau et amie. Je t'admire beaucoup!; 

• Benoit, pour tous les dejeuners et rigolades lors des gouters. 

• Damien, un frangais tres bresilien, pour m'avoir motive a participer a des 
activites tres frangaises - les manifestations. Merci aussi pour ton implication 
dans I'enseignement et dans notre petit projet pedagogique; 

• Gerald, pour les idees assez polemiques qui engendraient des grandes discus- 
sions; 

• Milad, pour sa compagnic dans notre trajet dc bus; 

• Anne-Florence, pour sa bonne humeur, son talent culinaire et pour avoir arrose 
mes plantes; 

• Alexandre, pour les dejeuners et cafes en langue maternelle. 

Je remercie aussi tous les autres coUegues que je n'ai pas eu la chance de connaitre 
mieux, mais qui ont tous ete tres sympas avec moi. 

J'embrasse aussi tres fort le groupe fidele d'amis que j'ai fait pendant mon master: 
Sophie Aimon, Fabien et Celine Paillusson, Thomas Guerin et Fanny, Laura Messio 
et Scbasticn Boyaval. Grace a vous jc mc suis scntie finalement bicn intcgrcc ici. 

Pensant au passe, un jour de ma vie a change definitivement mon futur: le jour 
oil j'ai passe les examens d'admission a Polytechnique. Merci aux examinateurs pour 



ix 



REMERCIEMENTS 



m'avoir fait confiance. Je suis tres reconnaissante a la petite communautc bresilienne 
qui a ete une deuxieme famille pour moi pendant mes deux premier annees en France 
et qui reste tres soudee. Un grand merci en particulier a Ricardo Malaquias. 

Je remercie ma lointaine famille pour avoir toujours donnee priorite a mon ed- 
ucation et pour avoir toujours respecte mes choix. Finalement, je suis infiniment 
reconnaissante a la personne la plus douee et genereuse du monde, dont j'ai la 
chance de partager le quotidien depuis presque une dizaine d'annees: Vitor Sessak. 



X 



REMERCIEMENTS 



Contents 



Resume iii 

Abstract iv 

Prcambulc v 

Remcrciements ix 

Contents xi 

1 Introduction 1 

1.1 Biological membranes 1 

1.2 Model membranes and mechanical probing 12 

1.2.1 How do you characterize mechanically a membrane? 16 

1.2.2 How different are membranes from liquid interfaces? 20 

1.3 A model for model membranes 21 

1.3.1 Spontaneous curvature (SC) model 21 

1.3.2 Bilaycr couple (BC) model 22 

1.3.3 The area-difference elasticity (ADE) model 23 

1.3.4 Validity of models 23 

1.3.5 Prom canonical ensemble to macrocanonical 25 

1.3.6 Fluctuation spectrum for small fluctuations 25 

1.4 Experiments 28 

1.4.1 Micropipette experiments 28 

1.4.2 Contour analysis experiments 31 

1.4.3 Adhesion of vesicles 32 

1.4.4 Nanotube extraction 38 

1.4.5 Sum-up 42 

1.5 Stress tensor for a planar membrane 42 

1.5.1 Stress tensor on the local frame S 43 

1.5.2 Projected stress tensor E 43 

1 Planar membranes 47 

2 Plancir membrane 49 

2.1 Evaluation of r from the stress tensor 50 

2.2 Derivation from the free-energy 54 

2.2.1 Naive measure in the Fourier space 54 

2.2.2 Evaluation of J-" and discussion 55 

2.2.3 What about r? 57 



xi 



CONTENTS 



2.3 1-D Numerical experiment 59 

2.3.1 The tension r for a 1-d filament 59 

2.3.2 Numerical system and dynamics 61 

2.3.3 Results 68 

2.4 Some experimental implications 70 

2.4.1 Natural excess area 72 

2.5 First evidences that r ^ a 73 

2.5.1 Numerical experiments 73 

2.5.2 Adhesion experiments: a puzzling result 76 

2.6 In a nutshell 83 

3 Fluctuation of forces in planar membranes 85 

3.1 Definitions and former results 86 

3.2 Diagrammatic tools 87 

3.3 Getting familiar: evaluating (/) with diagrammatic tools 90 

3.4 Evaluation of the projected stress tensor correlation 92 

3.4.1 Evaluation of C^^ 92 

3.4.2 Evaluation of C^^ 95 

3.4.3 Evaluation of C^^ 97 

3.4.4 Summing-up 98 

3.5 Fluctuation of the force 99 

3.6 In a nutshell 101 

II Vesicles 103 

4 Quasi-spherical vesicles 105 

4.1 Parametrization and effective Hamiltonian 106 

4.2 Derivation of the stress tensor for a quasi-spherical geometry 108 

4.3 Closed vesicles 112 

4.3.1 Thermal averages and correlations for closed vesicles 112 

4.3.2 Evaluation of Tdosed from the projected stress tensor 116 

4.4 Poked vesicles 118 

4.5 Discussion on r for closed and poked vesicles 119 

4.6 Derivation of r using the free-energy 124 

4.7 In a nutshell 126 

III Nanotubes of membrane 127 

5 Force needed to extract a fluctuating nanotube 129 

5.1 Parametrization and Hamiltonian 131 

5.2 Derivation of the stress tensor for a cylindrical 

geometry 133 

5.2.1 Verification: stress tensor in the tangent frame 136 

5.2.2 Verification: force between two rings constraining the tube . . 138 

5.3 Evaluation of the average force 140 

xii CONTENTS 



CONTENTS 



5.3.1 Correlation function 141 

5.3.2 Average force 142 

5.3.3 Discussion on the validity of our results 143 

5.4 Discussion on experiments 144 

5.5 In a nutshell 147 

6 Fluctuation of the force needed to extract a membrane nanotube 149 

6.1 Some important definitions and results 150 

6.2 Diagrammatic tools 151 

6.2.1 Getting familiar: re-deriving (S^^) 153 

6.3 Evaluation of the fluctuation of the force 154 

6.3.1 Correlation of 154 

6.3.2 Force fluctuation A/^ 158 

6.3.3 Discussion on the validity of this result 161 

6.4 Discussion and consequences for experiments 161 

6.5 In a nutshell 163 

IV Preliminar works on a 2-D simulation 165 

7 Preliminciry results on a 2-d membrane simulation 167 

7.1 Short panorama of numerical models on membranes 168 

7.2 Our numerical membrane 171 

7.3 Simulation dynamics 174 

7.3.1 Verifications and equilibration criteria 178 

7.4 Measuring tensions and the excess area 180 

7.4.1 Excess area and mechanical tension measures 180 

7.4.2 Fluctuation spectrum 180 

7.4.3 Internal tension a 186 

7.5 Some first results 187 

7.5.1 Difference between r, a and r and our predictions 188 

7.6 Extraction of tubes 190 

7.7 Perspectives and discussion 191 

7.8 In a nutshell 192 

Conclusion 193 

A Alternative derivation of the projected stress tensor 195 

B Projected stress tensor for a 1-d filament 199 

C Estimative of Wf'''' 201 

D Determination of £_l and for plaucir membranes under a quadratic 
potential 205 

E Verification of the projected stress tensor in spherical geometry: 
the plaucir limit 207 

CONTENTS xiii 



CONTENTS 

F Correlation functions for vesicles and their relationship 209 
Bibliography 213 



xiv CONTENTS 



Chapter 1 



Introduction 

In this section we will present membranes, first from a biological and historical 
point of view (section 1.1) and secondly from a modern physical perspective (sec- 
tion 1.2). In section 1.2.1, we define the quantities that are the focus of this work: the 
mechanical tension r, the Lagrange-multiplier cr and its measurable counterpart r. 
The main theoretical models for membranes, as well as their validity, are presented 
in section 1.3. There we derive the first fundamental results for planar membranes 
in contact with a lipid reservoir. Section 1.4 summarizes the most current exper- 
imental techniques used to characterize the mechanics of membranes. Finally, the 
stress tensor for planar membranes is introduced in section 1.5. 

1.1 Biological membranes 

During the last four hundred years, the image of the cell has become more and 
more complex [8] (see Fig. 1.1). As experimental techniques evolved, many questions 
were answered - and many others were raised. In particular, we have learned a lot 
about the cell's boundary. We will start thus by a brief non-exhaustive historical 
review (further details can be found on [8], [9], [10], [11]). 

Up to the 19th century, living beings were believed to have a sponge-like mi- 
croscopical structure. There would be two continuous substances: a membranous 
meshwork, as one can see in inset 1.1(a), and a fluid fllling the communicating cells. 
The meshwork was considered the true essential constituent, while the fluid had a 
mere nourishing function [8]. At that time, the term membrane named already the 
cell's boundary, although it corresponded more to what we nowadays call the cell 
wall, the rigid cellulose structure that encapsulates plant cells. This image changed 
in 1807, when Link showed that cells were in fact separated. He observed that col- 
ored fluids did not diffuse through the surrounding cells, as one would expect with 
the former theory. He concluded thus that the essential component of life was the 
unitary cell itself. 

Due to the low numerical aperture of the microscopical objectives available at 
that time (see inset 1.1(c) for a typical image), animal cells were also believed to 
have a membrane, i. e., a cell wall. Cells from both animals and plants had then 
the same features: a nucleus, an aqueous plasma and a cell wall. This apparent 
universality was an important support to the cellular theory proposed by Schwann 
and Schleiden, which stated that every living being was constituted by cells. 
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Figure 1.1: The cell through history. Inset (a) shows the first representation of the cell, 
or more precisely, of the cell walls, by Hooke in 1665. Inset (b) left shows the first drawing 
of the nucleus accurately made by Leeuwenhoek in 1719, while he studied the salmon 
red blood cells (which are nucleated in fishes). The right photo shows a contemporary 
optical microscope image of the same cells for comparison. The next inset shows a modern 
photograph of plant tissue taken with roughly the same technology as in 1828, five years 
before Brown, best known for his observations of the Brownian motion, named the nucleus. 
Inset (d) depicts the chromosomes inside the nucleus (Flemming). Finally, sub- figure (e) 
shows a nowadays electron micrography of a plant cell [12]. We can see the complicated 
internal structure and identify some organelles. 
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Some years later, the histologist and physiologist William Bowman [13], best 
known for his work in nephrology (the Bowman's capsule is named after him), rep- 
resented for the first time an actual cell membrane. In his 1840 work, he studied 
the striated muscle cells [14]. He noticed that by stretching those cells, he could 
disrupt their internal fibers leaving a transparent sheath called sarcolemma intact 
(see Fig. 1.2). This sheath, in that time thought a cell wall, is actually what we 
currently call the cell membrane. 

Subsequent experiments on the effects of osmotic pressure on plant cells showed 
that the cell could pull away from the cell wall. This phenomenon is called plas- 
molysis. It is caused by the selective permittivity of the cell membrane, which is 
permeable to water, but not to ions, sugars and other water soluble molecules. Al- 
though specialist of that time could have interpreted it as an indirect evidence of 
a membrane encapsulating the cell, they blamed osmotic effects on vacuoles and 
proposed the naked-cell theory: the cell was defined as a small naked lump of proto- 
plasm with nucleus, in Schultze's words (1860). It could eventually be encapsulated 
by a non-essential skin (de Bary, 1861) [8]. 




Figure 1.2: Drawings from Bowman's work representing boa and human striated mus- 
cle cells [14]. The disrupted fibers are enclosed by a sheath called sarcolemma: the cell 
membrane. 



The first one to realize that there was effectively a skin of different nature around 
the protoplasm was Ernest Overton in 1895 [15]. He noticed that plant cells under 
a 8% sugar solution suffered plasmolysis. This indicated that sugar molecules could 
not easily penetrate the cell even though the protoplasm was composed by water. 
He repeated the experiment using successive solutions of alcohols, ether, acetone 
and phenol with the same osmotic pressure as the sugar solution. He remarked 
that in some of these cases there was no plasmolysis, depending on the substance 
solubility in water. He concluded that water insoluble substances penetrated easily 
the external part of the protoplasm (Grenzschicht), whereas water soluble molecules, 
as sugar, did not. He inferred thus that the boundary region was distinct from the 
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rest of the protoplasm (see Fig. 1.3) and that it was impregnated by a substance of 
the same nature of fatty oils. 

Indeed, today we know that biological membranes are mostly composed by am- 
phiphilic lipids, having a hydrophobic tail and a hydrophilic head. This feature 
make them self-assembly in aqueous media in large bilayers, even though there are 
no chemical bonds between them. This explains the relative impermeability of mem- 
branes to water soluble substances. The most abundant kind of lipid present on 
membranes are phospholipids. These molecules have one or two long hydrocarbon 
chains, which may contain only simple bonds (saturated) or double bonds (unsatu- 
rated). As we shall see in section 1.2, the stability of the bilayer is assured by the fact 
that these molecules have an effective shape close to a cylinder, whose dimensions 
arc typically 0.5 nm for the radius and 1.0 — 1.5 nm for the length [16]. In addition 
to phospholipids, membranes may also contain cholesterol, an amphiphilic lipid that 
unlike phospholipids has a ring-like tail. 



Figure 1.3: Schematic representation of a plant-cell made by Overton in his 1895 
work [15]. The cell wall (indicated by cm.) and the cell membrane (indicated by pl.ext.) 
are represented as different entities. Note that Overton decided arbitrarily the thickness 
of the membrane. 

The first indirect estimation of the membrane thickness was made by Hugo Fricke 
in 1925. He measured the capacitance of blood cells and, supposing that they were 
composed by lipids, deduced a thickness of 3.3 nm [17]. This is a remarkable result, 
since posterior direct measures give a thickness between 5 nm and 10 nm [18]. Mean- 
while, Gorter and Grendel gave a fundamental step towards the comprehension of 
how lipids arrange themselves within the membrane [19]. They extracted the lipids 
from a known number of red blood cells. Using a Langmuir trough, they measured 
the area covered by lipids and it corresponded to twice the estimated surface area 
of the erythrocytes. They deduced that the membrane was constituted by a bilayer 
of lipids whose polar heads pointed outward. 

In 1932, a puzzling experiment suggested that there was more than lipids on 
a membrane. Kenneth Cole studied urchin eggs by compressing them between a 
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plate and a gold fiber with a known force, much in the same way as in modern 
experiments [20] (see Fig. 1.4). He deduced the tension of the egg's membrane by 
studying its degree of flattening. His measures yielded a tension of 0.08dyn/cm, 
which is a hundred times smaller than the tension of oily films [21]. This was a 
surprising result, if one believed the membrane to be constituted only by lipids. 




Figure 1.4: Original drawing and photos from Cole's experiment on urchin eggs: the egg 
(D) is compressed by a gold fiber (E). 



Two years later, Danielli and Harvey solved the paradox. They centrifugated 
smashed mackerel eggs in order to separate lipids from the aqueous phase. First, 
they measured the surface tension of the oily phase and obtained ~ 9 dyn/cm. Then 
they added the aqueous phase and observed a tension lowering. By studying the 
time evolution and the influence of temperature on their mixture, they deduced 
that proteins were responsible for the tension lowering [22]. Danielli and Davson 
proposed in the following year the first model of the membrane structure: every 
plasma membrane would have a core of lipids bordered by two monolayers of lipids 
whose polar head pointed outward and the whole would be coated by a layer of 
proteins [23] (see Fig. 1.5). It was an important step, since today we know that 
proteins are responsible for almost every membrane function but enclosing, such 
as active transport of molecules, binding to cytoskeleton and reception of chemical 
signals from the outer environment. 
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Figure 1.5: Original drawing from Danielli-Davson's paper representing the membrane 
structure: a bulk of lipids bordered by ordered lipid monolayers covered with proteins. 



In the 1950s the new technology of electron micrography allowed to make the first 
direct images of the cell membrane (see Fig. 1.6). The use of permanganate fixation 
was also important, since it stained only the hydrophilic head of lipids. Robertson 
observed a three line pattern of about 7.5 nm corresponding to a simple bilayer. This 
excluded the possibility of a bulk of lipids in membranes. He observed the three 
lines pattern not only on the cell boundary, but also encapsulating organelles from 
different animals and bacteria [18]. Moreover, using innovative staining processes, he 
showed the asymmetry of some membranes' coating, the external surface containing 
also carbohydrates. These new features were incorporated in the unit membrane 
model: every biological membrane shared the same architecture - a lipid bilayer, 
asymmetrically coated by proteins and carbohydrates. 




Figure 1.6: Electron micrography of the cell membrane [24]. The hydrophilic heads of 
lipids are colored, while the hydrophobic tails are not. This results on the characteristic 
three lines pattern seen above. 



Some years later, the advent of the freeze fracture etch (FFE) electron microscopy 
brought new advances. This technique consists on freezing cells by immersion on 
nitrogen. The block of cells is then fractured. By deposing carbon and platinum 
vapor, a replica of the fractured surface is constituted. At last, the replica can be 
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examined by a transmission electron microscope. In the late 1960s, da Silva and 
Branton showed that on biological membranes, these fractures tended to pull apart 
the lipid bilayer [25], [26]. They obtained the micrography shown in Fig. 1.7(a), 
which suggested that proteins were actually embedded in the lipid bilayer. Besides, 
another work using fluorescent labeling showed that proteins diffuse, implying that 
membranes were in fact fluid [27] (see Fig. 1.7(b)). 



Finally, bearing in mind these experiments. Singer and Nicholson proposed the 
mosaic fluid model of membranes (see Fig. 1.8 for a sum-up), which is the basis 
to the modern vision of biological membranes. They made the distinction between 
peripheral proteins, i. e., those loosely attached to the membrane like those that 
bind the membrane to the cytoskeleton, and the integral proteins, which are em- 
bedded in the lipid bilayer. They postulated that lipids and proteins diffuse freely 
inside the membrane's surface, as a two-dimensional liquid. Consequently, mem- 
branes should have no long-range order. They noted that the membrane leaflets 
were probably asymmetrical with respect to lipid and protein composition due to 
the energy barrier of moving the polar head from the aqueous interface into the 
bilayer interior. Later experiments confirmed that asymmetry was indeed present 
on biological membranes [28]. 
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(a) Micrography of a fractured human erythrocyte 
membrane. The left surface corresponds to the ex- 
ternal fracture (EF) and the right corresponds to 
the protoplasmic fracture (PF). The tiny particles 
on both surfaces measure between 5 and 10 nm and 
correspond to proteins. Note that they are more 
numerous on the PF face due to the presence of 
peripheral proteins attaching the membrane to the 
cytoskeleton. 



(b) Original picture of the fluo- 
rescence labeled antigens exper- 
iment which showed that pro- 
teins diffuse on the cell mem- 
brane [27]. Antigens were la- 
beled in red (lower half) and 
green (upper half). After some 
minutes, the colors were uni- 
formly distributed over the cell. 



Figure 1.7: Evidences in favor of the Mosaic Fluid model. 
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Figure 1.8: Schematic view of a biological membrane as proposed by the fluid mosaic 
model. The green inset shows the bilayer structure in detail and the blue inset represents of 
a phospholipid (phosphatidylcholine), also known as lecithin, present in egg yolk. Remark 
the unsaturated bond in one of its tails. 



The model was elegant, but experiments rapidly showed that it was oversim- 
plified. Biological membranes are not so homogeneous as the fluid mosaic model 
implies. Already in the 80 's, indirect measures showed that polarized epithelial cells 
present membrane domains, i. e., the cell membrane that faces a cavity has differ- 
ent composition from the other faces [29]. Moreover, biological membranes present 
also smaller domains, ranging from dozens to hundreds of nanometers [30]. A sim- 
ple statistical reasoning suggests that heterogeneities should indeed be expected: a 
random lipid and protein distribution means that the pairwise interactions between 
lipid-lipid, lipid-protein and protein-protein should be within thermal energies, which 
is rather improbable, given their wide variety [31]. 
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2 sec 3 sec 5 sec 



(b) Time evolution of a vesicle composed by a 1 : 1 
DOPC and DPPC (phospholipids) mixture added 
of 35% cholesterol. We see also a phase separation, 
but this time both phases are liquid. Remark the 
domains widen with time. 

Figure 1.9: Phase separation on membranes. 



At this point, model membranes, i.e., lipid bilayers reconstituted in laboratory 
to mimic biological membranes (see section 1.2), confirmed and gave new insight to 
the question of lipid phase separation. A mixture of phospholipids in the gel/liquid 
phases segregates, as shown in Fig. 1.9(a) [32]. At the interface between these phases, 
a line tension builds up and they tend to separate in order to minimize energy. 
More interestingly regarding cells, it is possible to have phase separation between 
two liquid phases: the liquid-disordered and the liquid-ordered [16]. Experimentally, 
this may be achieved in a mixture of phospholipid and cholesterol [33], [34] (see 
Fig. 1.9(b)). 



Besides the segregation of lipids, it was also shown that some proteins cluster 
in model membranes. In these cases, the aggregation depends on the length of 
the lipids constituting the bilayer where proteins are embedded [35]. In addition, 
modern techniques, such as single particle tracking, show that lipids and proteins in 
living cells can have anomalous movements, such as directed or confined motion and 
anomalous diffusion, possibly due to the cytoskeleton or to restrictions imposed by 
lipid domains [36] (see Fig. 1.10). 




(a) Photo of a vesicle composed by 
a 1 : 1 mixture of DLPC and DPPC, 
two kind of phospholipids. The green 
and red patches represent respec- 
tively the fluid and the gel phase. 
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(a) typical trajectories of gold particles 
attached to certain proteins on a cell sur- 
face (followed for 30 s) . Trajectory A cor- 
responds to the stationary mode, B, E and 
F to simple diffusion, C to directed diffu- 
sion and D to restricted diffusion [37]. 



(b) Here, single particle track- 
ing is used to study a model 
lipid monolayer divided in two 
phases: the liquid-ordered (dark 
gray) and liquid-disordered (light 
gray). The arrow in (a) indi- 
cates the polystyrene bead that 
was tracked. Fig.(b) shows the 
bead's random walk and (c) shows 
a detail of this walk. Remark that 
the bead remains on the liquid- 
disordered phase [38] . 



Figure 1.10: Single particle tracking. 



Finally, modern fluorescence techniques allow the direct visualization of domains 
in living cells [39]. In Fig. 1.11, Fig. 1.12. A and Fig. 1.12.B, one can see patches 
whose overall structure is different. The discriminating feature is the GP (general- 
ized polarization): red for liquid-ordered phase, richer in cholesterol, and blue the 
liquid-disordered phase. The images show clearly that there is coexistence of liq- 
uid phases in cells. Moreover, it is possible to detect certain types of proteins. In 
Fig. 1.12.C and in Fig. 1.12.D, transferrin receptor and caveolin-1 are respectively 
shown by fluorescence. Fig. 1.12.E and Fig. 1.12.F show the merge of C and D 
with B, respectively. We can see that the transferrin receptor is found mostly on 
the liquid-disordered phase, while caveolin-1 is found mostly on the liquid-ordered 
phase. Indeed, for a long time liquid structures called rafts composed mostly by gly- 
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cosphingolipids, cholesterol and some proteins were suspected to exist [16]. These 
rafts would help protein sorting and be involved in cell signaling. These images 
present however only some evidence of their existence and the subject is still de- 
bated [40], [41]. 




Figure 1.11: GP images of living macrophages (mouse RAW264:.7 and human THP — 1, 
respectively): red stands for the liquid-ordered phase and blue to the liquid-disordered. 
The circled area indicated in B shows the pixilation of the image (167 pixels inside the 
circle) . Note in A that liquid-ordered phase tend to be observed on the tip of filopodia [39] . 




Figure 1.12: Images of RAW264:.7 living cells. Figure A shows the GP image and B 
shows the corresponding dual-colored image. Figs.C and D show the fluorescence images 
for transferrin receptor and caveolin-1, respectively. Figs.E and F correspond to the super- 
position of B with C and D, respectively: light blue patches indicate colocalization with 
liquid-disordered phases and yellow patches indicates colocalization with liquid-ordered 
phases [39]. 
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In order to account for some of these results, refinements of the fluid mosaic model 
were proposed. For instance, to explain protein clustering Mouritsen proposed the 
Mattress Model [42] (see Fig. 1.13). The model comes from the observation that 
the bilayer thickness may be smaller or larger than the length of the hydrophobic 
part of embedded protein. This mismatch would expose hydrophobic parts of the 
protein or of the lipids, which would in consequence deform. The deformation would 
give rise to a line tension which would tend to cluster proteins and aggregate some 
kinds of lipids. Another model was proposed by Erich Sackmann to explain the 
confinement of proteins observed during single particle tracking. It stresses the 
interactions between the membrane and the cytoskeleton. To the moment however, 
there is no model that accommodates all recent results about biological membranes. 





Figure 1.13: Drawing representing the Mattress model: hydrophobic mismatch deforms 
lipids. Proteins tend thus to aggregate. 



1.2 Model membranes and mechanical probing 

As we have seen in the last section, biological membranes are very complex. 
Simpler membranes reconstituted in laboratory called model membranes are thus 
doubly interesting. First, they give insight to the comprehension of phenomena in 
living cells. Model membranes are advantageous because they have both chemical 
composition and environment controlled, allowing reproducible experiments. More- 
over, these membranes are generally in thermodynamic equilibrium, which is impos- 
sible to achieve in living cells. By consequence, these experiments may be described 
using conventional statistical mechanics tools. Secondly, model membranes have 
technological interest in their own: they are used to improve drug delivery, to build 
micro-chambers for chemical reactions [43], [44] and even to build bio-electronic 
devices [45] (see Fig. 1.14). 
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(a) Fluorescence micrography of a 
self-tightened knot (center of image) 
made of lipid nanotubes extracted 
from membrane vesicles. The vesicle 
on the left is about 10 /im [44]. 



(b) Artistic representation of a bio- 
electronic device composed by a nanowire 
30 nm wide (gray) covered by a lipid 
membrane (blue/orange). In this mem- 
brane, proteins that control ion passage 
were incorporated (pink) (image by Scott 
Dougherty, [45]). 



Figure 1.14: Technological applications of membranes. 



Model membranes are prepared by dissolving phospholipids in an aqueous solu- 
tion. In order to minimize the exposition of their hydrophobic tails to water, they 
self-assemble in a large variety of forms, from small micelles to vesicles and bilayers, 
depending on temperature, on concentration and on the effective shape of phos- 
pholipids, which is a measure of their average cross section of as a function of how 
profoundly buried they are on a membrane. In Fig. 1.15(a), we can see examples of 
effective shapes. Note that to form a bilayer, lipids must have roughly a cylindrical 
shape. In Fig. 1.15(b), we can see an asymmetrical bilayer, which naturally tends to 
bend. We remark that the leaflets' asymmetry is stable over time, since spontaneous 
passage of lipids from one monolayer to the other, known as flip-flop, is very slow 
in pure lipid bilayers (of the order of several hours [46]). Indeed, there is a high 
energetic barrier for the hydrophilic head to traverse the hydrophobic core of the 
membrane. 



An essential point is the very weak water solubility of phospholipids. This implies 
that once a structure such as a vesicle is formed, the number of phospholipids it 
contains is constant. Besides, phospholipids do not resist to stretching, as we will 
see in section 1.2.1 and thus the total area of these structures is also constant. 
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Figure 1.15: Inset (a) shows the effective shape of some phosphohpids: in pink, phos- 
phatidylchohne (PC), in blue lysophosphatidylcholine (LPC), with only one hydrophobic 
tail, and in green arachidonic acid (AA), with an unsaturated tail. The upper surface corre- 
sponds to the hydrophilic head. In the center, we can see some self-assembled structures. 
Inset (b) shows an asymmetrical bilayer whose composition leads to a natural bending 
tendency. 



In this work, we are interested in the mechanical properties of liquid membranes. 
To this aim, three structures are usually studied: planar membranes, vesicles and 
membrane tubes. Planar membranes are also called black film membranes (BLM). 
They are used since the 60 's and their name come from the destructive interfer- 
ence that a light beam suffers due to the thinness of the lipid membrane. The 
experimental set is constituted by two aqueous chambers separated by a plate (see 
Fig. 1.16(a)). This plate, usually made of hydrophobic materials to assure the adher- 
ence of lipid molecules, has a hole ranging from micrometers to several millimeters 
(see Fig. 1.16(b)). A bilayer can be deposed over this aperture through a variety of 
techniques [47]. BLMs are widely used to characterize the electrical properties of 
membrane spanning proteins, since one can control the composition of both aqueous 
solutions. It has also been used in single particle tracking [48]. 



Sadly, the technique presents many disadvantages for mechanical probing. First, 
one cannot control the tension of the frame: it depends on the film deposition. If 
the tension is too small, the membrane fluctuates a lot and is unstable. So, usually 
the film is relatively tense. If however it is too tense, a minimum osmotic difference 
between the two cavities leads to the rupture of the membrane [49] . Another problem 
is the film deposition technique, which may involve solvents that contaminate the 
membrane [50]. 
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(a) Drawing of the experimental set used in 
black film experiments. 




(b) Photo of the Teflon foil used to separate 
the two chambers shown above. The hole is 
about 1 mm large. The lipid membrane is de- 
posed over this aperture [51]. 



Figure 1.16: Black lipid films. 



The most popular objects used for membrane mechanical probing are uni-lamellar 
vesicles, which are self-assembled bags of a single bilayer containing fluid. They are 
obtained from several techniques and range in size from a few tens of nanometers to 
tens of micrometers. In the last case, they are also called GUV (giant uni-lamellar 
vesicles) and they are of special interest, since they have roughly the same size of 
cells, they are easy to manipulate and they are directly visible with light microscopy 
techniques [52]. Moreover, they are stable and they can be deflated by changing 
the osmotic pressure. Each vesicle has a constant surface, since phospholipids are 
weakly soluble in water and their volume is also constant, as long as the osmotic 
pressure is kept constant. 

They appear in a variety of fluctuating shapes (see Fig. 1.17), whose average form 
depends on the enclosed volume, total area and the asymmetry between the leaflets 
that form the bilayer [16], [53]. Note however that these images are coarse-grained, 
as the wave length of light, about half a micron, is much bigger than the membrane 
thickness. So, only low-frequency fluctuations are visible. 
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Figure 1.17: Prolate, stomatocyte and starfish vesicles made of a ternary mixture of 
phospholipids and cholesterol [54]. The high frequency deformations are not optically 
resolvable. 



In the last ten years, another structure used to characterize a membrane are 
membrane nanotubes, such as those seen of Fig. 1.14(a). These tubes are formed 
when a point force is applied to a lipid bilayer. Their radii range from a few to 
hundreds of nanometers. We will discuss them in detail in section 1.4.4. 



1.2.1 How do you characterize mechanically a membrane? 

The first way to characterize the mechanical behavior of a material is by study- 
ing how it behaves under a reversible deformation, i. e., by studying its elastic 
deformations. On a mesoscopic scale, i. e., on length scales bigger than the material 
thickness, but smaller than the persistence length, which we will define in the follow- 
ing, one can imagine three of these deformations: bending, stretching and shearing. 
For thin interfaces, such as lipid membranes, bending means changing the curvature 
of a piece of material keeping its area constant (see Fig. 1.18(a)), stretching means 
increasing the average area per molecule that composes the material by applying 
a tangential stress (Fig. 1.18(b)) and shearing means changing the shape without 
changing its area (Fig. 1.18(c)). As lipid membranes are composed by two leaflets, 
one should also consider the friction between these layers. In the following, we will 
deal only with static measures, so friction will not be important. 
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Figure 1.18: Three mesoscopic elastic deformations used to characterize a thin interface: 
bending, stretching and shearing. 



In liquid interfaces, such as membranes in the liquid state, molecules are free to 
move. Consequently, there is no resistance to shearing and we will not study this 
kind of deformation. The resistance to stretching is measured by the compression 
modulus K. It is defined by the amount of energy Ek per unit area needed to 
increase a piece of surface Aq of AA: 
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Similarly, the capacity of bending is measured by the bending rigidity modulus 
K and the Gaussian curvature modulus kq defined by 
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where Ecun is the energy per unit area needed to bend, Ri and R2 are the two 
principal curvature radii seen on Fig. 1.19, H is the mean curvature, given by 
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(1.3) 



and Hq is the spontaneous mean curvature. Due to the hquidity, the spontaneous 
mean radius Rq is isotropic and Hq = I/Rq. 
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Figure 1.19: Drawing representing the principal curvature radii of a surface. 



Equivalently, the bending rigidity of a material is reflected by its persistence 
length ^, defined as the length beyond which the correlation in the direction of the 
tangent to the surface is lost. For a free membrane, it relates to the bending modulus 
through 



where a is a molecular length of the same order of the lipid's length, c is a constant, 
k-Q is the Boltzmann constant and T is the temperature. 

As a consequence of the Gauss-Bonnet theorem, the total contribution of the 
Gaussian curvature for closed surfaces is constant: 



where the integral runs over a closed surface S and g is the genus number, which 
describes the topology of the surface. As we will not consider topology changes in 
this work, we will not consider this contribution to the energy of closed membranes 
henceforth. 

Now, let's see the figures for a typical phospholipid membrane. We will describe 
in section 1.4 how these quantities are measured. First, membranes are extremely 
flexible, with n ^ 20 k-^T [55] , which is about a quarter of million smaller than the 
bending rigidity of a sheet of polystyrene of the same thickness. This implies that 
they fluctuate a lot even in small scales, as it has indeed been measured through 
NMR and X-rays techniques on stacks of bilayers [56]. Secondly, they have a high 
compressibility modulus K ^ 240mN/m [55], which means that the stretching due 
to thermal fluctuation is ~ 10~^ % and thus negligible. Measures indicate that mem- 
branes rupture under a charge of only Trup ~ 10 mN/m [55], which means that it can 
only stretch about 4% before breaking apart. Indeed, as phospholipids are bonded 
to each other only by entropic forces and not by chemical bonds, it is relatively easy 
to break cohesion. Therefore, under a stress smaller than the rupture charge, it is a 




(1.4) 




(1.5) 
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good approximation to consider the total area of the membrane constant, as we have 
discussed in last section. Throughout this work, unless explicitly said, we shall place 
ourselves under this condition and thus only the bending energy will be considered. 

The great flexibility of membranes has an important experimental consequence: 
one cannot measure the true surface of a bilayer. Indeed, up to the moment, we are 
not able to control exactly the number of phospholipids within a membrane. More- 
over, they fluctuate on a nanometric scale, not resolvable with optical microscopy 
techniques. Thus, it is useful to define two macroscopic quantities: the excess area 
and the effective or entropic mechanical tension. 

The excess area a is simply a measure of the average membrane crumpling which 
is not optically resolvable. It is defined by 



a 



An 



(1.6) 



where A is the microscopic membrane area and Ap is the optically resolvable area, 
which we will also call in the following the projected area (see Fig. 1.20). Experi- 
mentally, we have access only to variations on the excess area. 




f = T -a 




Figure 1.20: On the left we see an illustration of the undulating surface of a membrane. 
The membrane area A corresponds to the surface area of the colored membrane, while the 
macroscopically resolvable projected area Ap is a^. On the right, we see an illustration 
of the diminution of the excess area due to a mechanical tension applied on the same 
membrane patch: the area A remains the same, but the projected area is now a ■ b. 



The entropic mechanical tension r is a measurable macroscopic averaged tension 
associated to the diminution of the excess area, i.e., to the flattening of fluctuations. 
It is a pure entropic force, arising from the diminution of accessible configurations. 
It is defined as 

where J-" = —kBT\n{Z) is the free-energy of the membrane, Z is the partition 
function and the symbol Np indicates that the derivative is taken under the condition 
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that the total number of hpids is constant. In the following, as we shall consider 
tensions a lot weaker than the rupture tension, it is justified to consider that the 
total mechanical tension corresponds simply to r. 

1.2.2 How different are membranes from liquid interfaces? 

The aim of this section is to highlight the differences between membranes and 
other macroscopic materials. First, it is easy to understand why membranes behave 
differently from solid membranes, such as rubber membranes, since molecules of the 
later are not free to move. The difference is much subtler with liquid interfaces. 
Indeed, both present two-dimensional disorder, high deformability, form thin films 
(see Fig. 1.21) and in both cases the term surface tension is currently used in the 
literature. We shall see, however, that this expression has a different meaning in 
each context and that liquid interfaces are fundamentally different from membranes. 

The surface tension 7 on liquids is a constant of the material, depending only on 
the molecular composition and on temperature. At microscopical level, molecules of 
liquids, such as water, are strongly chemically bonded to each other and these bonds 
are energetically favorable. Molecules on the surface have less neighbors and are 
thus energetically costly: the surface tension tends to make the interface as small as 
possible, which results in a certain interfacial stiffness. 




Figure 1.21: Photo taken by International Space Station Science Officer Don Pettit of 
a pure water film held by a metal loop under micro-gravity. Food coloring was added 
only for visualizing [57]. We just do not observe this phenomenon in everyday life due to 
gravity. 

In terms of free-energy J-", the surface tension is conjugated to the total area of 
the interface: 



where V indicates that the derivative is taken at constant volume. 

In lipid membranes, however, if there is no stretching, there is no contribution 
to the free-energy coming from the interface area. So, 7 — ?■ 0: the lipids will form 
a bilayer without a bulk of lipids. A noteworthy confusion in literature arises from 
misleadingly calling the mechanical tension r also surface tension. The tension r is 
also associated to a surface, but to the surface of the projected area. Moreover, it 
is not a material constant since it has an entropic origin. In the following, we will 
avoid the use of the ambiguous expression surface tension. 

Finally, another obvious difference is the bending rigidity. Lipids in a membrane 
are arranged in a particular ordered way due to the amphiphilic nature of lipids, 
which leads to a bending rigidity. In liquids, it is not the case. We can see a 
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consequence in Fig. 1.22: while liquid drops present a sharp contact with a substrate, 
membrane vesicles have a rounded contact region. Besides, one cannot expect to 
extract tubes by applying point forces to liquid films, as one does in membranes (see 
section 1.4.4). 



1.3 A model for model membranes 

Here we present the three main theoretical models for liquid lipid bilayers. They 
describe membranes in a length scale much larger than the membrane thickness, so 
that it can be seen as a mathematical surface. They differ mainly in the description 
of the membrane's two- leaflet structure [60]. In the following three descriptions, the 
microscopic area A is kept constant. In the case of vesicles, there is an additional 
constraint on the volume enclosed by the surface. 

1.3.1 Spontaneous curvature (SC) model 

This model was introduced by Helfrich is 1973 [61] and is the very simplest one. 
The membrane is seen as an infinitely thin surface and its internal bilayer structure 
is described by a spontaneous mean curvature Hq. The Hamiltonian of a bilayer is 
simply given by the bending energy -Ecurv 




(a) Metallic liquid drop over a solid sub- 
strate. Note the sharp edges at the contact 
between the drop and the solid [58]. 



(b) An optical micrography of two 
vesicles adhering to a pure glass sub- 
strate, which reflects the vesicles [59]. 
The rounded shape of the vesicle near 
to the glass is due to the bending rigid- 
ity. 



Figure 1.22: Effect of the bending rigidity. 





where the integral runs over the membrane surface S. 
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1.3.2 Bilayer couple (BC) model 

In this model, the two leaflets of a bilayer may respond differently to an external 
perturbation, such as chemical substances, while remaining coupled [62] . It was first 
introduced in 1974 to explain qualitatively experiments on red blood cells [63], [64]. 
It had been observed that erythrocytes treated with amphiphilic drugs change of 
shape, becoming more cup-like or instead, spiked (see Fig. 1.23). The authors pro- 
posed that spike-inducing drugs tended to bind to the external leaflet of the bilayer, 
while the cup-induccrs binded mainly to the cytoplasmic leaflet. Each monolayer 
would thus have a different area, which would force a curvature. As fiip-fiop tran- 
sitions are very slow, this area difference would be constant over time. Another 
evidence in favor of this model comes from vesicles: if the SC model were correct, 
vesicles composed by a single kind of phospholipid and similarly prepared should 
behave the same way, since the natural bending tendency comes exclusively from 
the chemical asymmetry of the monolayers. Experiments show the contrary: vesicles 
prepared the same way have different preferred curvatures, possibly due to the fact 
that the two monolayers had different areas when they closed to form a vesicle [65] . 







^^^^^^^^^^^^^^^^^^^^^^^^^ 





Figure 1.23: Original electron micrographs of erythrocytes treated with 0.2 mM of metho- 
chlorpromazine (at left) and 6/xM of chlorpromazine (at right) [63]. In the first case, red 
blood cells become spiked, while in the later they adopt a cup-like shape. 



The model proposes that the preferred curvature of a membrane depends on two 
contributions: the spontaneous curvature of each monolayer that adds Tip to a local 
spontaneous curvature of the membrane Hq and the area difference between the two 
monolayers, which gives a non-local contribution [66]. The energy in this model 
is still given by equation (1.9), but there is an additional constraint in the area- 
difference between the neutral surfaces of the outer and inner leaflet, the neutral 
surface being the imaginary surface within a bent leaflet where there is no compres- 
sion or extension. This means keeping a hard constraint on 

I^A = Aout - An = 2DM = 2D / HdA, (1.10) 

Js 

where D is the distance between neutral surfaces and M is the total mean curvature. 
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1.3.3 The area-difference elasticity (ADE) model 

The ADE model is the generahzation of the two preceding models. It was intro- 
duced in the 90's to explain the budding transition of some vesicles, i. e., when a 
vesicle adopts the shape of a parent vesicle attached through a neck to a smaller vesi- 
cle (see Fig. 1.24). The BC model predicts that this transition should be continuous, 
while in some experiments discontinuous transitions were observed [65]. 




Figure 1.24: Time sequence showing the budding transition from a pear-shaped vesicle. 
In this case, the pear-like vesicle is instable, but it is not always the case [53]. 



The ADE model accounts for the fact that small relative compressions or exten- 
sions of the bilayer have an energetic cost comparable to the bending energy. Instead 
of a hard constraint on the area-difference between leaflets, the area-difference is reg- 
ulated through an additional quadratic term in the energy, leading to 

^ADE = ^SC + 1^ (AA - AAo)' , (1.11) 

where AAq is the optimal area difference, also defined through 

AAo = ~ , (1.12) 

00 

where Nont/m is the number of lipids on the outer /inner monolayer and 0o is the 
equilibrium density of lipid molecules. In the limiting case where k — )■ 0, we recover 
the SC model, whereas in the limit R — )■ oo, we recover the BC model. 



1.3.4 Validity of models 

The question of which model describes the best a bilayer was not easy to answer. 
The main difficulty when studying vesicles comes from the fact that the three models 
have the same equilibrium shapes [65], [67] (one can see a map of these shapes for 
the ADE model on Fig. 1.25 [66]). To complicate things, in certain cases, such 
as quasi-spherical vesicles, even the thermal fluctuations of the three models is the 
same [60]. 
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Figure 1.25: Phase diagram of the stationary shapes of vesicles as predicted from the 
ADE-model. The quantity v is the volume-to-area ratio and Aao is the effective area 
difference (dimensionless) [66]. 

The three models predict however different stabiUties for equiUbrium shapes. For 
instance, the SC model predicts that pear-like vesicles should be always unstable, 
the BC model predicts these shapes to be always stable and the ADE model predicts 
stability for large values of R. Another difference is the nature of shape transitions 
induced by changes in temperature or osmotic pressure, which are in general con- 
tinuous in BC and ADE and discontinuous SC. 

A careful work by Dobereiner et al. [53] showed that experimental data was indeed 
compatible with the theoretical phase diagram for ADE-model shown in Fig. 1.25. 
This result was corroborated by good experimental and theoretical compatibility of 
the analysis of the stability and of trajectories on this phase diagrams. Nowadays, 
the ADE-model is accepted as the best description for closed bilayers. 

There are however some situations where using SC is justifiable. First, as we have 
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said, the models are equivalent on the study of thermal fluctuations of quasi-spherical 
vesicles. It is justifiable and simpler to use the SC model in this case. Besides, there 
is no area-difference between monolayers when these are both in contact with the 
same lipid reservoir and thus SC is suitable also in this case. 

1.3.5 From canonical ensemble to macrocanonical 

The Hamiltonian presented in the previous sections have an additional constraint 
in the number of lipids per membrane, or equivalently, in the total surface. In 
statistical mechanics, the ensemble of these constrained configurations is known as 
the canonical ensemble. It is a standard procedure to pass to the macrocanonical 
ensemble and let the area fluctuate. Physically, it means that the system we are 
interested in is in contact with a large reservoir of lipids, which may be a justified 
supposition in some cases. In this ensemble, one can control the average area by 
adding a term 



to the Hamiltonian. The constant cr is a Lagrange-multiplier analogous to a chemical 
potential used to impose a certain value to the average area a posteriori, once 



where T is the free-energy. The Lagrange-multiplier o has the dimension of a ten- 
sion, so sometimes it is called the surface tension, term we will avoid here. It is 
important to note that it is not generally measurable in experiments. It has however 
a measurable macroscopic counterpart r, that we will define in the next section. 

1.3.6 Fluctuation spectrum for small fluctuations 

We suppose here that we study a symmetrical planar bilayer with squared pro- 
jected area Ap = I? ^ in contact with a lipid reservoir and well described by the SC 
model. The energy is given by 



This energy will be used many times throughout this work. We will call it simply 
the Helfrich Hamiltonian. Consider now that the membrane is reasonably tense, so 
that fluctuations arc small. Its position can be described by its height hir^ with 
respect to a plan H parallel to the average plan, where r = {x,y) (see Fig. 1.26). 
This is known as the Monge gauge. 
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Figure 1.26: Weakly fluctuating planar membrane described in the Monge gauge. 



Under these assumptions, eq.(1.15) becomes 



n 



T-Lo 



no + - h{r) C h{r) dxdy + 0{h^ 

J A.r, 



1.16) 



where T-Lq = aAp is a constant, hij = d'^h/didj, where i,j G {x, y}, det(/i, 
^a;a; hyy — h'^y and £ = /tA^ — crA is the operator associated to the quadratic terms 
of the energy. 

In order to evaluate averages involving h{r), in field theory one usually adds a 
term proportional to an imaginary external field m{r) to the Hamiltonian, obtaining 
the Hamiltonian 



n' = n 



The corresponding free-energy is 



h{r) m{r) dx dy . 



with the partition function given by the functional integral 



Z = jv[h] e-^^'t'^l 



where (3 = l/{kBT). It follows 



(Mr)) 



m=0 



5m{r) 



m=0 



and 



;i.i7) 



;i.i8) 



;i.i9) 



(1.20) 



{h{r) h{r')) - {h{r)) {h{r')) 



m,=0 



:i.2ii 



/3 6m{r)6m{r') 

where 6J^/6m{r) represents the functional derivative of the free-energy with respect 
to the field m at the point r. 
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One has now to choose an appropriate measure which is in general a com- 

plex task [2] , [68] . Up to first order on the temperature and up to second order on h, 
it is justified to consider simply a discretization of the projected plan on A^^ squares 
of area and let 

- . rlhPx,Py 

2^naive[/i] = n ' (^'^S) 

Px,Py 

where h^'^'Py is the height at the point rp^,py = p^ae^ +Pyaey, A is a length intro- 
duced to render the measure dimensionless and both and Py G {1, • • • , N} [2]. 
This measure, which we will call naive as in ref . [2] , yields no supplemental term to 
the Hamiltonian. 

Evaluating the Gaussian integrals on eq.(1.19), one obtains 

Z = c (>2 !Ap'^^'^)'^~^^'^y)'^^'^')<^^<^v 23) 
with C a constant and 'H~^(r, r') = T{r' — r) solution of 

CT{r)^5{r), (1.24) 
where 5{r) is Dirac's delta function. Using the Fourier transform 



r(r-) = y5]r„,^e^«-, (1.25) 
with q — 2t:/ L {n, m), n,m & N and 



L 



E- E E . (1-26) 

q \n\ < iVmax \m\ < ATmax 

where A^max = L/(2a) corresponds to smallest possible wave-length, eq.(1.24) yields 

^ (1.27) 



aq^ + Kq 

From eq.(1.20) and eq.(1.21), one obtains respectively {h{r)) = and the corre- 
lation function 

Note that the Gaussian curvature contribution vanishes. Applying the Fourier trans- 
form as defined above to h{r) and h{r') in eq.(1.28), one obtains 



iK,m\')= .1. , (1.29) 



kBT 
aq^ -|- Kq^ 

where the wave vectors range from gmin = 27r/L to an upper cut-off A = L ~ 

1/a. Throughout this work, we shall consider that numerically a = a, where a is 
of the order of the membrane thickness. Remark that since h{r) is real, we have 
h-n-m = Ki,rm where the symbol * stands for the complex conjugate, yielding 

1^— n,— ml |^n,m|- 
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Similar calculations can be carried out for non-planar membranes, yielding a 
correlation function similar eq.(1.28). Consequently, by measuring the fluctuations of 
a membrane, one could deduce its bending rigidity and the tension a. The problem is 
that experimentally we have access only to a coarse-grained vision of the membrane. 
One has thus to consider that the values deduced from the fluctuation spectrum are 
in fact renormalized values, which we will call /tcff for the bending rigidity and r for 
the effective tension. Renormalization calculations [69] indicate that 



where L is the size of the membrane and a is a microscopical cut-off. Experimentally, 
the dependence of ^cfr as a function of L is very difficult to measure, since the 
dependence is logarithmic. Numerical simulations however confirmed the logarithmic 
dependence on L [70] . For a rough numerical estimate, if we consider a vesicle with 
radius i? f=:i 10 /xm and we consider the cut-off of the order of the membrane thickness 
a ~ 5 nm, we obtain ^efr ~ k — Ik^T . The correction is thus one order of magnitude 
smaller than typical values of k. Henceforth, wc will assume Keff = z^- The distinction 
between r and a will however be kept and discussed throughout this paper. 



1.4 Experiments 

Here we present some current experimental apparatus and techniques used to 
measure the relevant mechanical parameters t, r and a. We will not men- 

tion neither measures of since we will focus on symmetrical membranes, neither 
measures of ft;^, since we will work with closed membranes of fixed topology (in the 
case of non-closed membranes, we will show it is not relevant in section 1.5). In 
section 1.4.5, we sum up these experiments. 



1.4.1 Micropipette experiments 

In these experiments, a micropipette of some micrometers of diameter is held 
in contact with a vesicle. One increases the membrane tension by decreasing the 
pressure P]^^^ on the pipette. A portion of the membrane of length L is then sucked 
inside the pipette and the optical resolvable surface increases (see Fig. 1.27). 




(1.30) 
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Figure 1.27: The upper figures show typical micrographs of vesicles under suction for 
increasing values of AP (extracted from [71]). The lower drawing indicates the measurable 
quantities. The inset on the right represents a zoom of the microscopic fluctuations that 
are averaged out in these micrographs. 

Usually, successive measures with increasing pressure are taken. The first con- 
figuration, when the vesicle is just grabbed by the pipette and L is small, is the 
reference configuration. The projected area of this configuration is A^, Ri is the 
radius of the micropipette and R2 is the radius of the vesicle in the reference con- 
figuration. Under the condition of constant volume and R2 <^ -Ri, the percent 
difference on the projected area of a posterior measure whose projected area is A^ 
is given by 



where AL is the length variation of the cylinder sucked inside the pipette relative to 
the reference measure and 7 is a corrective factor which arises when L is non zero 
in the reference configuration [72]. 

Meanwhile, the average applied tension can be related to the difference of pressure 
AP = -Pout~-Pout through the Young-Laplace equation [73]. For a very thin interface 
under tension r and whose principal curvature radii are R' and R", it states 







For the system shown in Fig. 1.27, one obtains thus the relation 



2t 




R 



in 



out 



R2 
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for the largest part of the vesicle and 



^in - ^out = ^ (1-34) 



for the spherical cap inside the micropipctte. Finally, by subtracting eq.(1.33) from 
eq.(1.34), one obtains 



AP = Polt-^o'ut = 2r(-^--^) . (1.35) 



For very small pipettes or for vesicles under very weak tension, this relation must 

be corrected [74]. Through this technique, one can apply a wide range of ten- 
sions on membranes, from very small ones (~ 10~^N/m) up to rupture tensions 
(~ 10-2 N/m) [55], [75]. 

Theoretically, calculations in the macro canonical ensemble predict two regimes: 
one at low tension, where it comes from the flattening of fluctuations and thus [52] , [73] 
(see section 2.4 for a detailed derivation) 



^ = ^l.(;^). (1.36) 



where CTj// is respectively the Lagrange-multiplier for the initial/final configuration; 
and one at high tension, where it arises mainly through stretching and thus 



Even though these previsions involve the non-measurable Lagrange-multiplier a, 
in experiments it is currently assumed that a ~ r [72], [73], [76]. As a consequence, 
by plotting r as a function of the variation of the projected, one can measure n and 
K (see an example in Fig. 1.28). 
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Figure 1.28: Graphics showing a typical data analysis of micropipette experiments [76]. 
Fig. (a) and Fig.(b) show the same data with different scales for r. In Fig. (a), the tensions 
were displayed in log-scale in order to highlight the logarithmic behavior in the region 
of low tension. Through the fit shown in Fig. (a) and using eq.(1.36), one measures the 
bending rigidity («; = 42 it bk-^T in these measures). Fig.(b) shows the same data in the 
linear scale. The area compressibility K is obtained through a fit in the region of high 
tensions using eq.(1.37) {K = 450 it 85mN/m here). Remark that it was assumed that 
cr r. 



1.4.2 Contour analysis experiments 

The aim of these experiments is to determine r and k by studying the mean 
squared amplitude of fluctuating modes, as seen on section 1.3.6. Some experiments 
were made in planar geometry, using BLM. As explained before, these membranes 
tend to be too tense. Indeed, a 1999 experiment by Hirn et al. found r = (0.42 ± 
0.03) mN/m [77]. The fluctuations are then dominated by the tension and one 
cannot observe the effects of the bending rigidity. For this reason vesicles are usually 



1.4. EXPERIMENTS 



31 



CHAPTER 1. INTRODUCTION 



preferred in spectrum fluctuation measures. A typical spectrum with the fitting can 
be seen in Fig. 1.29. 




T 1 1 1 

0.5 1.0 1.5 2.0 

xirf qx(m-) I 



Figure 1.29: Intensity of a fluctuating mode as a function of the wave vector for a 
quasi-spherical vesicle. The solid line represents the fit of the data with the equivalent of 
eq.(1.29) for spherical geometry, yielding k = 9.44 x 10~^° J and r = 1.74 x 10"''' N/m [78]. 



1.4.3 Adhesion of vesicles 



The adhesion of membranes is very important for tissue formation. At the cellular 
level, the adhesion between the membrane and the cytoskeleton helps to regulate 
the formation of vesicles and lamellipodia [79]. It also plays an important role in 
the exocytosis and endocytosis [80]. In the context of the physics of liquids, the 
adhesion of liquid drops to solid substrates is traditionaUy used to study tensions. 
Inspired by these experiments, one finds in the literature a wide variety of papers on 
the adhesion of vesicles among themselves [81], [82] and on the adhesion of vesicles 
with a solid substrate [83], [84], [85], [86]. 

Here, we will focus on experiments dealing with the interaction of vesicles of 
radius i?ves with a flat solid substrate. The vesicle, usually fihed with an aqueous 
solution fluid denser than the suspension medium, is attracted towards the bottom 
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surface. At equilibrium, it adopts a deformed shape as shown in Fig. 1.22, with a 
flat region near the substrate. This region, with a radius Ra, is considered adhered 
to the substrate. Frequently, the bottom surface is composed of glass, since the 
technique of RICM (reflection interference contrast microscopy) is very popular to 
obtain images of the adhesion region. The adhesion is ruled by the interplay of 
attractive and repulsive interactions, such as: 



• the short-range van der Waals attractive potential between the membrane and 
the substrate. It can be corrected to take into account the screening due to 
the presence of ions in the suspension medium; 



• the attractive gravitational potential; 



• the repulsive effective interaction coming from the reduction of the entropy of 
the membrane. Indeed, the substrate imposes a spatial restriction that limits 
the membrane fluctuations; 



• the short-range steric repulsion coming from the lipids; 



• in some cases, the substrate can be coated by polymers [87]. One must thus 
consider a supplemental steric repulsion coming from the polymer coating of 
the substrate; 



• it is also possible to cover the substrate with a piece of membrane contain- 
ing proteins that attach to specific proteins embedded in the vesicle's mem- 
brane [85], [88]. In this case, there are supplemental attractive interactions. 



Two examples of resulting potentials can be seen in Fig. 1.30. 
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(a) An adhesion potential including the gravity con- 
tribution Fgrav , a Van der Waals contribution Vvdw 
and an entropic repulsive term T^teric [84]. In this 
case, we find only one shallow minimum. 




(b) Predicted adhesion potential for an experiment 
involving three different polymer coatings of the 
substrate [87]. The red circles indicate the deep 
minima and the star indicates the shallow mini- 
mum. 



Figure 1.30: Examples of adhesion potentials. 



Depending on the resulting potential, one can find two types of adhesion: 

1. Weak adhesion: in this case, the adhering patch fluctuates strongly at a dis- 
tance s{x) well above the surface, as shown in Fig. 1.33(b). It corresponds to a 
shallow minimum of the adhesion potential (see Fig. 1.30). When it is a local 
minimum, it is also said that the vesicle is in a pre-nucleation state. 

In this case, one can measure the fluctuation spectrum of the adhering region. 
Considering the rest of the vesicle as a lipid reservoir and approximating the 
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energy of adhesion as quadratic near (s), which is justified given Fig. 1.30, the 
Hamiltonian up to order two is given by [84] 



'S'adhe 



;i.38) 



where h{x) = s{x) — (s), V" is the coefficient of the harmonic approximation of 
the adhesion energy and 5'adhe is the projected surface of the adhering portion 
of the vesicle. Following the same reasoning presented in section 1.3.6, the 
mean square amplitude of each mode is given by 



V" + rq^ + nq'^ 



(1.39) 



Note that we have substituted a by its macroscopical counterpart r, which is 
experimentally measurable (see further details in the end of section 1.3.6). By 
a measuring the fiuctuation spectrum, it is possible thus to determine r, k and 
V". 



2. Strong adhesion: the vesicle is very near the substrate (less than 10 nm of 
distance). The membrane fluctuations are barely detectable. The adhesion 
energy is higher, corresponding to a deep minimum of the adhesion potential. 

In Fig. 1.31, we show some typical RICM images from an adhering vesicle that 
has weakly and strongly adhering patches. From these images, the height profile 
of the adhesion region s{x) can be reconstructed. One can subsequently study the 
mechanics of the membrane. 




Figure 1.31: RICM micrograph of a vesicle adhering to a solid substrate. The adhering 
region is surrounded by the fringes. The gray shading is inversely proportional to the 
vesicle-substrate distance: the dark gray patch is very near to the substrate, while the 
light gray patch is well above the solid. Pictures (a), (b) and (c) were taken at ~ 0.1s 
of interval. Note the strong fluctuations of the light gray region. The last picture shows 
the average over 64 snapshots. From these images, we can conclude that the gray region 
adheres only weakly to the substrate, while the dark patch is strongly adhered 
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Adhesion mechanics 

Let's first recall some results concerning liquid drops. As discussed in sec- 
tion 1.2.2, the contact angle 6^ that liquid drops do with solids substrate is very 
sharp. It is defined by the solid-liquid tension 75^, the solid-gas tension 75^ and the 
liquid-gas solid 7 = 7^0- The mechanical equilibrium, illustrated in Fig. 1.32, gives 
the Young relation 

75G = 75L + 7 cos 6'c . (1.40) 

The energy variation per unit of contact area between the liquid and the solid, also 
known as the adhesion energy per unit area, is given by the Young-Dupree relation: 

VTa = 7(l-cos0c). (1.41) 




Figure 1.32: Illustration of the Young's equation: ^SL is the solid-liquid tension, ^SG is 
the solid-gas tension and 7 = is the liquid-gas tension. The contact angle 9c is defined 
by the mechanical equilibrium. 



Adhering vesicles were first theoretically studied in details by Seifert et Lipowsky 
in 1990 [80]. They considered a free-energy containing a contribution from curvature, 
a term —Wa {t^RV) corresponding to the adhesion energy plus the area and volume 
constraints. By minimizing the free-energy, they derived the equilibrium shapes, 
that shared two features: 

• a contact angle 6'^ = vr due to the bending rigidity; 

• a curvature at the contact given by 



They argued that, in general, one could not expect to use the Young-Dupree relation 
to link Wa and the lateral tension r of the membrane due to the effects of the bending 
rigidity. In the limit, however, of small bending rigidity, the vesicle becomes a 
spherical cap for an internal pressure bigger than the outer, with a rounded contact 
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region of length Rc < Rves- One can thus define an effective contact angle 9es (see 
Fig. 1.33(a)) that obeys an analogous of the Young-Dupree equation 



W^^ = r[l-cos(^eff)] . 



1.43) 



1 .0 





(a) Definition of tlie effective contact 
angle. Tlie red circle at left indicates 
the curvature radius Rc at the contact 
point. Note that Rc < i?vos [80]. 



(b) Drawing of a vesicle weakly ad- 
hering to a substrate with the rele- 
vant measurable parameters [84] . 



Figure 1.33: Effective contact angle. 



In principle, for a vesicle under these conditions, one could measure Rc and ^eff 
and thus deduce Wa and r. In practice, however, as we will see later, measuring 
these quantities can be very tricky and imprecise. 

An alternative was thus proposed by Bruinsma [89]. He studied the equilibrium 
of the forces due to the bending rigidity and tension near the rim of the contact 
region and obtained 



h{x) 



6eS X — 6eS X 



1 - e 



for X > 
for X < 



1.44) 



where h{x) is the height of the membrane, x = at the contact point and 



A 



;i.45) 



The characteristic length A separates two regions: for x < A, the bending rigidity 
dominates and the membrane is thus curve; for x > A, the tension dominates and 
the membrane approaches a straight line (see Fig. 1.34). 
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Figure 1.34: Shape of the membrane near the contact region. For x < 0, the membrane 
adheres to the substrate. The contact angle Ogs, here shown as 6c, is determined by the 
linear fit. The characteristic length A is obtained from the intersection of the linear fit 
with the X-axis [90] . 



Experimentally, from the height profile of the membrane, one can obtain ^cfr and 
A. Using eq.(1.45) one is able thus to deduce r and subsequently Wa through the 
Young- Dupree's relation [88]. This method, however, presents a serious limitation: 
if the tension is very large, the length A is undetectable [86]. In the next chapter, 
we will discuss some experiments using these techniques. 



1.4.4 Nanotube extraction 



Membrane nanotubes, also called tethers, are cylindrical structures whose radius 
range from a few up to hundreds of nanometers, while their length can reach tens 
of micrometers. In living cells, they are formed by localized forces generated by 
molecular motors or by polymerizing cytoskeleton filaments, such as microtubules. 
These tethers are suspected to play a major hole in the intracellular transport of 
vesicles [91] and in the communication between cells, since they form also between 
different cells and proteins were shown to pass through these tunneling nanotubes 
(TNT) [92] (see Fig. 1.35). Recently, it has been found some evidence that TNT 
may even be crucial in the HIV virus spreading [93] . 



38 



1.4. EXPERIMENTS 



CHAPTER 1. INTRODUCTION 




Figure 1.35: Scanning electron microscopic image of a tunneling tube between two 
cultured PC12 cells. The boxed areas are sections of 80 nm enlarged in Al, A2 and A3, 
respectively [94]. 



In vitro tube extraction was used to evaluate the adhesion energy between the 
cell cytoskeleton and the cell membrane. In these experiments, it was also shown 
that these tethers do not contain cytoskeleton [79], [95]. Here we will restrain our- 
selves to experiments of tube extraction from model membranes (see Fig. 1.36(a)). 
Figs. 1.36(b)-l. 36(c) sum up the main techniques used in laboratory to extract tubes. 

In typical experiments with GUVs, one cannot optically resolve the tube, even 
though its length is readily measurable (see Fig. 1.36(a)). The force needed to extract 
the tube / can be directly measured by the force applied over the glass bead (for 
an optical tweezer) or over the magnetic bead. Moreover, if the vesicle is held by a 
micropipette, as in the experimental apparatus shown in Fig. 1.36(b), subfigure b, 
the tension r is measured through the applied pressure from eq.(1.35) [96]. Another 
technique consists in extracting nanotubes with controlled length from BLMs. With 
this configuration, it is possible to apply a difference of electrical potential between 
the interior and exterior of the tube. One can thus deduce the radius of the tube 
and the tension r of the membrane [97]. 

From the theoretical point of view, as these tubes are so thin, it is reasonable 
to consider the adjacent GUV or BLM as a lipid reservoir. For a symmetrical 
membrane, the tube free energy is thus given by eq.(1.15) plus a contribution coming 
from the force / that holds the tube. For a cylindrical tube of radius R and length 
L, one has 




K 



+ a 2ttRL - fL . 



(1.46) 
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(a) Typical sequence of 
nanotube extraction from 
a GUV. The image was ob- 
tained through differential 
interference contrast mi- 
croscopy to enhance con- 
trast, since the tube is not 
optically resolvable [98]. 



(b) Some methods used to extract tubes from GUV: 
(a) vesicles under hydrodynamic flow [99], (b) vesicles 
held by micropipette and attached to a mobile glass or 
magnetic bead [96], [100] and (c) nanotube extraction 
with molecular motors [101]. 
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(c) Experimental setting used to extract nanotubes from 
BLM [97]. 



Figure 1.36: Nanotube extraction techniques. 
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The equilibrium radius Rq and force /o are given by the minimization of eq.(1.46) 
with respect to R and L respectively, yielding 




(1.47) 



and 



fo = 27rV2aK = 2x27rRoa. (1.48) 

Eq.(1.47) shows clearly that the radius is determined by a competition between the 
tension, which tends to create a very thin tube, and the bending rigidity, which op- 
poses to high curvatures [102]. Interestingly, the result given in eq.(1.48) highhghts 
the difference between a membrane and a liquid interface: if we had a tube consti- 
tuted by a film of liquid, we should expect / = 27ri?o7- The factor 2 in /q comes 
from the curvature energy present only in membranes. One must keep in mind that 
these results hold only if thermal fluctuations are neglected and the tube is a perfect 
cylinder. We will discuss this point in chapter 5. 
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Figure 1.37: Data from the extraction of two successive tubes from the same vesicle of 
diameter 18.8 fim. The vertical axis shows the force needed to extract the tube while the 
horizontal axis shows the square root of the tension r measured through the difference 
of pressure in the micropipette. The data show a good linear fit, indicating that in this 
experiment, it was apparently justified to neglect thermal undulations and suppose cr ~ r. 
The bending rigidity obtained through the fit is approximately 25 k^T [96]. By using 
eq.(1.47), we can estimate that the tube radius are rather large, ranging from a thousand 
to two hundred nanometers in this particular experiment. 



From eq.(1.48), we see that one could obtain k by measuring /o and a. In GUV 
experiments, it is usually assumed that the measured force to extract the tube / is 
well approximated by /o, which means neglecting thermal undulations. Besides, the 
tension r measured through the micropipette aspiration is assumed equivalent to a. 
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One obtains thus the curve shown in Fig. 1.37 and deduces k by a hnear fit. The 
other way to obtain k, using eq.(1.47), is explored in the BLM experiments by once 
more assuming that t a. A recent experiment by Bashkirov [97] found very thin 
tubes of about 10 nm thick, indicating a very tense membrane, and deduced values 
to K compatible with previous results. 

1.4.5 Sum-up 

In table ??, we see a sum- up of the techniques presented in this section and 
used to mechanically probe membranes. In the last column, we can see the usual 
assumption made in order to deduce results from the third column. It generally 
involves the three tensions r, a and r. In this work, we will try to examine in 
detail these assumptions. In special, we will quantify the difference between r and 
a for the three mainly studied geometries and discuss under which conditions these 
suppositions are justifiable. In chapter 5, we will also examine the role of thermal 
fluctuations on the force needed to extract a tube. 



Technique 


Direct measure 


Used to deduce 


Usual as- 
sumption 


micropipette 


AP, 


r, Aa, K, K 


0" ~ r 


contour anal- 
ysis 




r, K 




adhesion 








tube extrac- 
tion (GUV) 


AP, L, / 


r, K 


T ^ a and 
f^fo 


tube extrac- 
tion (BLM) 


AV^, L 


Ro, K 


T a and 
R^Ro 



Table 1.1: Sum-up of experimental techniques and measured quantities. In the second 
column, the quantities directly measurable are listed, while in the third column we list the 
quantities deduced from a fit or from the use of theoretical equations. In the last column, 
we present the main assumptions made to obtain the results from the previous column. 



1.5 Stress tensor for a planar membrane 

Here we introduce the stress tensor for planar membranes. In particular, we will 
derive the projected stress tensor. This tool is very useful, since it allows not only 
the direct calculation of the average mechanical tension r, but also the evaluation 
of the fluctuation of this tension due to thermal fluctuations, which has never been 
done. The derivation presented here will inspire our derivation of the projected 
stress tensor for other geometries in the following chapters. Note that even though 
one has no reason not to consider the Gaussian curvature on the energy for open 
membranes, we will show that the stress tensor does not depend on it. 
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1.5.1 Stress tensor on the local frame E 

Consider a local frame on a membrane {X,Y,Z), whose the first two axes are 
parallel to the principal curvature directions and the third one is parallel to the 
normal of the membrane. Consider now an imaginary infinitesimal cut of length di' 
and normal v = ux ex + that separates the membrane on regions 1 and 2 (see 

Fig. 1.38(a)). The region 1 exerts a force d(pi^2 over the region 2 given by 

d(j)i^2 = ^ ■ di' . (1.49) 

This relation defines the local stress tensor S, a tensor with 3x2 = 6 components, 
since the vector v has only two components. For the Helfrich Hamiltonian, one 
has [103], [4] 



S = (^^ + 2 Cy - 2 j ex ® ex + (^a + - Cj. - - j ey ® ey 

- K{dxC) ez ® ex - K{dYC) ez ® ey , (1.50) 

where Cx and Cy are the principal curvatures parallel to ex and ey respectively, 
C = Cx + Cy and di stands for the derivative with respect to i. 




(a) Local tangent frame {X,Y,Z). (b) Components of the stress tensor on the local 
The imaginary infinitesimal cut of frame 
length d£ in green, whose normal v is 
contained in the (X, Y) plane, sepa- 
rates the regions 1 and 2. Region 1 
exerts a three-dimensional force d(pi^2 
over 2. 



Figure 1.38: Stress tensor on the local frame. 



1.5.2 Projected stress tensor E 

Due to thermal fluctuations, both the tangent frame and di' are not constant. It 
is thus convenient to introduce the projected stress tensor S, which relates the force 
through an imaginary infinitesimal projected cut to the force d4>i^2 through 

d(j)i^2 = ^ ■ m di , (1.51) 
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where M is the length of the cut's projection on a reference fixed plane 11, (x, z) is 
a orthonormal basis and m = rux ex + my By is the normal to the cut's projection on 
the plane pointing towards region 1 (see Fig. 1.39). As before, S is a 6-component 
tensor. The advantage of this definition is that one can evaluate the average of 
the force exerted through two regions by simply evaluating (S). It gives thus a 
straightforward tool to evaluate r. 



Figure 1.39: The projected stress tensor relates the three-dimensional force d(j)i^2 to 
the projection of an imaginary cut on a fixed plane. 



We derive S by studying the work needed to produce a deformation [4]. An 
alternative derivation is given in appendix A. First, we consider a piece of membrane 
weakly departing from a plane described in the Monge gauge by its height h{r) = 
h{x, y), so that we can neglect derivatives of order higher than two on h. The general 
energy is thus given, up to order two, by 



where is the domain of the projected plan over which the membrane is defined, 
dfi{x, y) being the curve that delimits Q (see Fig. 1.40). In this section, latin indices 
G {x,y}, hi = dh/di, hij = d'^h/{didj) and summation over repeated indices will 
be implicit. 

Imagine now that we impose an arbitrary small displacement Sa = Sa^ + 
daySy + SttzCz to every point of the membrane, so that the h{r) h'{r) = 
h{r) + Sh{r). Besides, imagine that this displacement keeps the normal along 
the boundaries of the membrane constant, so that torques perform no work (see 
Fig. 1.40). 





(1.52) 
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h'(f+ SaiCi) 



Figure 1.40: The upper surface, shaded in purple, represents the membrane, while the 
respective projected surface is represented by the lower gray shaded surface. The red 
dashed curve represents the new position of the membrane after deformation. 



On one hand, at equilibrium, the energy variation reads 
5H 



I mi 




Jan 





dhi 



dhi 



ds 



;i.53) 



where ds is a length of an infinitesimal element of the curve dVt{x, y). On the other 
hand, we have in terms of the stress tensor 



sn 



6a ■ Ti ■ mds . 



1.54) 



an 



One can then obtain S by comparing eq.(1.53) and eq.(1.54). In order to do so, one 
must express 6h and 6hj over the boundary in terms of 6a. As shown in Fig. 1.40, 
we have h'{r + 6ai{r) e^) = h{r) + 6az{r). Up to first order on 6h, it is easy to deduce 
6h = 6a z — 6a j hj. Finally, one has to impose that the normal n at the boundary is 
kept constant, which yields h'^{r + 6ai{r) Ci) = hkir). Again, up to first order, one 
has dk6h = —6aj hj^. These results put together lead to 



Of 



- Ok 



dhi 



■jk 



hi 



dhi 



hi 



ik 



■jk 



dhi 



-d. 



dh 



jk 



In the case of the Helfrich Hamiltonian, one has 



f = a + ^-iyhf + ^^iy'hf + f. 



;i.55) 
;i.56) 



;i.57) 



where / = Hcdetihij) is the contribution from the Gaussian curvature. Eqs.(1.55)- 
(1.56) become thus 
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'^ + ^{hl-hl)+- {hi - hi) + K HAV'h , (1.58) 
—ahxhy — KhxyV^h + KhxdyV^h, (1.59) 

^zx = ah^- Kd^W^h. (1.60) 

The other components of the tensor can be obtained by permutation of x and y. 
Remark that these expressions are vahd up to order two in h and that the Gaussian 
curvature gives no contribution to the stress tensor. 



y — 



-'xy 
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Chapter 2 
Planar membrane 



As we have seen in the last chapter, membranes are very particular systems from 
the mechanical point of view: they arc liquid, but rigid; they disrupt very easily 
under stretching and they fluctuate a lot in even in sub-optical levels. 

Accordingly, the term surface tension has always been rather confusing. First, 
it refers to the energy needed to bring a bunch of phospholipids in contact with 
the aqueous media, which we denote 7. As these molecules are amphiphilic, there 
is almost no energetic cost for creating an interface. Consequently, one can find 
in the literature statements like "a membrane has vanishing surface tension" [60]. 
Secondly, the expression stands for the tension r that one can mechanically apply 
to a membrane, for instance, by aspiring it with a micropipette or by extracting a 
nanotube. As discussed in section 1.2.1, unless in extreme situations, this tension 
has entropic origin, coming from the flattening of thermal fluctuations. Thus, it 
is also called effective mechanical tension. At last, surface tension denotes also 
the multiplier Lagrange cr one adds to the Hamiltonian in order to fix the total 
membrane's area, as we have done in section 1.3.6. In this case, the tension is more 
hke a chemical potential associated to the total membrane area. The tension a is 
not experimentally measurable, but its large-scale counterpart r, renormalized by 
fluctuations, is measurable through the dependence of the spectrum fluctuation. 

From an experimental point of view, it is fundamental to determine the relation 
between r, a and r. In particular, it is very important to determine under which 
conditions these quantities can be assumed identical. Indeed, experimentally, one 
measures usually r or r, whereas the theoretical predictions involve frequently a, 
which is non measurable. One takes currently for granted the equality between r, 
a and r to interpret data, as one can see in the sum-up presented in table ??, even 
though there is no support to this premise. 

Many theoretical articles were written in order to clarify this question [2], [68], 
[104], [3]. In most cases, the authors tried to derive r and r from the free-energy J^. 
This route is however very tricky, since one needs to consider terms up to 0{h^) 
in order to evaluate r. In this case, the naive measure presented in section 1.3.6 
must be subtly corrected [2]. Besides, the definition of the effective mechanical 
tension r from the free-energy is not so clear and slightly different alternatives for 
the definition presented in eq.(1.7) were proposed. 

In this chapter, we try to address the question of the relation between r and a for 
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symmetrical planar membranes in contact with a lipid reservoir. We evaluate r using 
the projected stress tensor introduced in the end of the last chapter in section 1.5.2. 
This calculation is much more straightforward, since one avoids problems related 
to the choice of the measure. Besides, the definition of r in terms of the projected 
stress tensor is unique: r is simply given by the average of the latter. In this section, 
we show that in general, we can assume r = a — ao, where ctq is a constant non 
negligible for small tensions. 

In section 2.2, we compare our result to the ones derived by Cai et al. [2] and 
by Imparato [3] by differentiating the free-energy with respect to the projected area 
Ap. In his derivation, Imparato used the definition presented in eq.(1.7), while Cai 
et al. used slightly different definition, obtaining consequently a different result. In 
this section, we show that our result coincides with the one from Imparato, which 
gives support to the definition presented in the last chapter 



where the derivative is taken with the total number of lipids constant. Besides, we 
question the previous demonstration by Cai et al. that r = r, since their definition 
of r seems less suitable. We propose then that in general, we should have three 
different values for r, a and r. In order to check this prediction, we present a simple 
numerical experiment in section 2.3. 

In section 2.4 and 2.5 we discuss some consequences to experiments, namely to 
those involving micropipettes, introduced in section 1.4.1. As r is indeed different 
from a, we propose corrections to the cq.(1.36) presented in the last chapter. We 
conclude in section 2.5 with the description of the first recent numerical and exper- 
imental evidences that r ^ a. All results presented in this chapter were obtained 
under the direction of Jean-Baptiste Fournier and published in [1]. 



2.1 Evaluation of r from the stress tensor 

Consider a planar membrane whose projected area on a plan 11 parallel to the 
average plan of the membrane is Ap and well described by the Helfrich Hamiltonian 
given in eq.(1.15). This membrane is not stretched and departs very weakly from 
a plane. Therefore, we use the Monge's gauge and develop H, up to order two, 
obtaining the Hamiltonian given in eq.(1.16), the average (|/i(qr)p) given in eq.(1.29) 
and the projected stress tensor is given in cqs.(1.58)-(1.60). Consider now a cut of 
length L on n parallel to e^, so that the normal to the projected cut is simply 
shown in Fig. 2.1. 




(2.1) 
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Figure 2.1: Weakly fluctuating planar membrane described in the Monge's gauge. The 
force / is exchanged through the cut of projected length L (red). Note that we have chosen 
an orthonormal basis in order to have m = e^- 



The force exchanged through the cut is 

rL/2 

f = O-'xx + ^yx 6y + '^zx Cz) dy . (2-2) 

J-L/2 

The thermal average of /, denoted by the brackets (), is given by 

(/) = L ((S,,) + {Ey,) By + (S,,) e,) . (2.3) 

One must evaluate the average of each term of eqs.(1.58)-(1.60). Hence, it is inter- 
esting to use the Fourier transform introduced in section 1.3.6 

h{r) = ^J2K,me"^-'', (2.4) 
with g = 27r/ a/A? ^) , n,m and 

q \n\ < A^max \m\ < A^max 

Note that as h{r) is real, one has h-n-m = mi where the symbol * indicates the 
complex conjugate. The mode n = and m = corresponds to a simple translation 
and gives no contribution to the energy. It will be therefore omitted throughout this 
section. 

Using this definition of the Fourier transform, the Hamiltonian for a weakly 
fluctuating membrane in contact with a lipid reservoir introduced in section 1.3.6 
becomes 

H = aAp + ^^(ag2 + ft:g4) |/,^^^^|2^ (2.6) 
(J 

where q varies between q^^^ = 2t[ j ^fAp up to A = 2t[N^^^I ^fA^ k, Ija, where a 
is a microscopical cut-off comparable to the membrane thickness. The correlation 
function is given by 



2.1. EVALUATION OF r FROM THE STRESS TENSOR 



51 



CHAPTER 2. PLANAR MEMBRANE 



G{r-r') = {h{r)h{r')) 

— ^ ^ ^ ], {hn,mhn' ,m') ^ 

"^P q k 
j^g J" Qi<l-{r-r') 

where we have used the result displayed on eq.(1.29) to obtain the last passage. 

It is a straightforward calculation to evaluate averages using the correlation func- 
tion. As an example, we do a step-by-step evaluation the average of T^xx- 



= a + K dxdx' {dl, + dy,)G{r - r') \r=r' 



a + K' 



a q^ -\- Kq'^ 



— a 



— a 



A ^ 

2A 



p a + K.q-' 

f q 



E 



Kq 



p ^ a + Kq-' 



(2.8) 



where we used in the first and in the last passage the fact that by symmetry (h^) — 
(hy) and {h'^^) = (hyy). By the same reasoning, one can demonstrate that {^yx) = 
and (T^zx) = 0, as expected given the symmetry of the system. We have thus the 
efi^ective tension r, which relates to the average of the force / through 



k^T 



n q 



2A. 



p a + Kq^ 
^ q 



(2.9) 



In the thermodynamic limit, Ap is very large and the sum over q becomes an 
integral whose calculation leads to 



a — 



far A' 

StT" 



1_ -ln(l + ^) 



(2.10) 



where Or — kK^ . Numerically, for typical values a ^ 5nm and k ^ 10~^^J, one 
obtains a,. ~ 5 x 10~^N/m, which is of the same order of magnitude of the rupture 
tension of membranes [55]. Fig. 2.2 shows the difference a — r normalized by 



oo 



faTA^ 
Stt 



(2.11) 



as a function of cr/cr^. 
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1 



0.8 
0.6 
0.4 
0.2 


1e-05 0.0001 0.001 0.01 0.1 <7 1 

Figure 2.2: The difference a — t normalized by ctq as a function a ja^- For tensions 
smaller than 10~^(Tr, we see that r ~ cr — do. The green shaded area corresponds to 
the region where we expect our theory to need corrections due to the stretching of the 
membrane. 



As we can see, it is a good approximation to set r ~ o" — ctq for a < 10~^(Jr- 
Beyond this limit, the tension is relatively high and we expect corrections coming 
from the stretching of the membrane. For the previous values of a and k and 
taking k^T ^ 4 x 10~^^ J, we obtain ao ~ 5 x 10~®N/m. As tensions as small as 
T ^ 10^®N/m are measured in micropipette experiments, this correction may be 
non negligible (see Fig. 2.3). We will discuss the consequences of this prediction to 
experiments in section 2.4. 

0.001 

r 

0.0001 
1e-05 
1e-06 
1e-07 

1e-07 1e-06 1e-05 0.0001 (j 0.001 

Figure 2.3: The red dashed straight line shows the standard approximation r ~ u, while 
the green curve shows the behavior of r predicted by our theory. For small tensions, the 
correction is relevant. Curves for a = 5nm, k = 10~^^ J and ksT = 4 x 10~^^ J. 
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2.2 Derivation from the free-energy 

Here we re-derive the result given in eq.(2.10) by differentiating the free-energy. 
To begin, we evaluate the free-energy as in references [2] and [3]. By definition, we 
have 



T ^ -kBT\TL{Z) , (2.12) 
where Z is the partition function given by 

Z = y e-^^['*l . (2.13) 

As discussed in section 1.3.6, one needs a measure to evaluate this integral. We 
will consider here the naive measure, which is justified up to first order on the 
temperature and up to second order on h (further discussion on the subtleties of 
the measure can be found in [2] and [105]). We discretize the projected plane 11 in 
N"^ squares of area a^, so that the height of each one of these squares is denoted 
}iPx,py = }i{px aCx +Pya By). The naive measure reads 

N N „ 

v..^M = n n (2-14) 

Px = lp!, = l 

The factor A is a vertical quantum introduced to keep Z dimensionless. 



2.2.1 Naive measure in the Fourier space 

In section 1.3.6, we have used this measure to evaluate averages, but we have 
not derived explicitly Here, to do so, we prefer to work in the Fourier space. We 
need thus to derive the equivalent of the measure above in this space. As in the last 
section, let's consider the Fourier transform 

^P.,Py ^ __ ^ ^^^^^ ^ g ^ (2.15) 



P 1 



Remark that only half of the total number of modes are independent, since h^n,-r 
/i* „j. In terms of these independent modes, the measure is thus 



N_ 

^n.uh] =( n n I ^ ^ ) X J (2.16) 

where the superscripts TZ and X stand, respectively, for the real and imaginary part 
of ^n,m and J is the Jacobian of the transformation. To simplify notations, in the 
following we will simply denote 
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nn - n n p^^) 

n m>0 |n|<f ,n^0 '"=0 



N_ 
2 



EE - E E- ("8) 

" "i>0 |n|<f ,n^0 "^=0 

To determine J, we will evaluate the partition function for a simple Gaussian 
Hamiltonian. With the measure given in eq.(2.14), we have 



^,-E.^...E.-... (^--)^ = ffA (2.19) 



^ N N 

/nn 

Px=lPy = l 



Using the definition presented in eq.(2.15), the quadratic Hamiltonian becomes 



N N 

Px=lpy=l q q' 

a 



^ E [Kmf + KJ'] (2.20) 

and the partition function is 

dh3^ dfi^ ^ a r/LK \2 , ^2l / I no? 



^■^x/n n / ^^e-i^S>^-)^+('^"-)1 = xJ (2.21) 



The partition function should be the same in both eq.(2.19) and eq.(2.21), which 
implies J = l/(a)^ . Summing up, in the Fourier space, for a weakly fiuctuating 
membrane, the naive measure is equivalent to 

I^naive[/.]=nn^%'- (2-22) 

n m>0 

2.2.2 Evaluation of !F and discussion 

Using the Hamiltonian given in eq.(2.6), the partition function given in eq.(2.13) 
with the measure (2.22) becomes 



^ - nn 



n m>0 



dh''^ dh^ 
Xa Xa 



~ e^^'^^^JJ n ( / ^^^^ c~ - ^" E^.n(a<?^ W) e 

nr. ™->.n \ 



n m>0 

dh^ 



X 



Xa 



Xa 

g-|E„E,n>o(V+«;5'')^5,m^ I _ (2.23) 
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Finally, carrying out the Gaussian integrals, we have 

27r 



nn 



(2.24) 



n m>0 

Accordingly, the free-energy is given, to lowest order in T, by 



2'KkBT 



(2.25) 



T^aAp + kBT^^lu {aq^ + Kq^) 

n m>0 

where we remind that A is a quantum discrctizing the membrane vertical displace- 



ments. Equivalently, highlighting the dependence of on one obtains 



n m>0 



~2 . i^Q."" 
o'q + —r- 



A^ 



(2.26) 



where we have used €? — Ap/N — 47r/A^, N being the total number of modes or 
degrees of freedom, and q — 27r(n, m). 

With the definition presented in section 1.2.1 



r 



dAr 



(2.27) 



one obtains from eq.(2.26) 



dA, 



— a 



k^T 
2A 



Kq"' 



1 ' 



(2.28) 



where the derivation was taken keeping the number of modes constant. Indeed, once 
the cutoff A is fixed, having a total number of particles fixed is equivalent to having 
a total number of modes fixed. This result coincides with our previous derivation 
(eq.(2.10)) and gives some evidence of the correctness of the derivation presented 
in [3]. Instead, in their work, Cai et al. used a shghtly different definition for the 
effective tension, assuming 



TCa 



lim 



(2.29) 



where Ty-aa is the free-energy in the limit of very large membranes. In this case, the 
sum in eq.(2.25) becomes an integral and one obtains 



^1 



It follows 



lim 



+ — TT^ J TT^ln 



d^X^ 



lim 



dAr 



a + 



kuT 



d^q 



In 



2nkBT 



d^X^ 



2TrkBT 



(2.30) 



(2.31) 



As this result disagrees with the one obtained in eq.(2.10), we conclude that the 
definition eq.(2.27) is more appropriate: one must first differentiate with respect to 
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Ap keeping the number of modes constant and only after take the thermodynamic 
hmit, if needed. Note that with the projected stress tensor these subtleties are 
avoided, once one deals only with the straightforward evaluation of averages. 

2.2.3 What about r? 

In their work, Cai et al. showed also that one should have r — t. Here we will 
present in detail their reasoning and argue that their conclusion follow from the fact 
that their definition of r is slightly different from ours (compare eq.(2.31) with the 
thermodynamical limit of eq.(2.28)). Thus, in general, one should have r 7^ r. 

First of all, as in section 1.3.6, they introduced a conjugated field m(r) to the 
Hamiltonian in order to fix a general average shape {h{r)) = h{r) = h, obtaining 

H' = H- [ h{r)m{r)dA, (2.32) 
Js 

where "H is the physical Hamiltonian given in eq.(1.15). The corresponding partition 
function is 

Z = J V[h] e-^^^^^ e^IshmdA ^2.33) 
and the effective action, i. e., the Legendre transform of the free-energy, is given by 

T^s^ -kBThxZ + i JimdA. (2.34) 
Js 

The average height of the membrane is given by 



where SZ/Sm{r) stands for the functional derivative of the effective partition func- 
tion with respect to the field m at the point r. For m = 0, we have a simple 
Gaussian integral and thus h{r)\m=o = 0, which corresponds to the case of a planar 
membrane. Differentiating the free-energy with respect to h{r) and using eq.(2.35), 
one obtains 



(.36) 

For the case m — 0, the correlation function is given by 
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{h{r)h{r')U=o = 



Z 5m{r)5m{r') 
k^T 5[Zh{r') 



Z 

= A;Br 



5m{r) 

5m{r 



5h{r') 



Sh{r) Sh{r') 



(2.37) 



where we have used eq.(2.35) and eq.(2.36) in the second and third passage, respec- 
tively. 

Meanwhile, as we have seen above, Cai et al. defined the tension as 



TCa 



C^^lim _ dJ^eS,lim [h = 0] 



(2.38) 



where the ^-"65,11111 is the effective action for the limit of large membranes. Suppose 
now that the average shape h{r) is tilted. The free-energy should remain the same, 
since the physical area of the membrane has not changed. The dependence of the 
free-energy on h to lowest order should thus be [105] 



+ 



dA, 



(2.39) 



where the first ellipsis involves terms OQi^) and the second involves high order 
derivatives on h. Note that the dependence should remain the same if one takes the 
thermodynamical limit. One has thus 



5h{r) Sh{r') 



-rcaiA^ 5(r-r') + 



(2.40) 



m=0 



where 5{x) is the Dirac delta function and is the Laplacian calculated at the 
point r. By definition, the inverse of an operator M{r) is given by 



/ 



M{r - r') M-\r' - r") dr' = d{r - r") , 



which yields 







_Sh{r) Sh{r') 


m=0- 



Jq-(r-r') 



-y 



(2.41) 



(2.42) 



Let's look again at eq.(2.37): the term on the left is the correlation function for a 
planar membrane, given in general by 



{h{r)h{r')) 



keT ^ 



(2.43) 
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Note that here the coefficient of the quadratic term r is in general different from a. 
Indeed, to obtain the correlation function given in section 1.3.6, we have used the 
naive measure, while the discussion presented here remains general and valid for any 
measure. 

Eq.(2.37) combined with eq.(2.42) imply thus that one should have always r = 
Tcai- Indeed, after a careful study taking into account measure subtleties, Cai et 
al. succeed to prove this assertion. We do not question their proof, but rather their 
definition of r, which seems less appropriated, since it does not yield the same results 
as with the stress tensor. With our definition of r, we have r ^ rcai and thus in 
general we should expect r ^ t ^ a. We will show that it is indeed the case in a 
simple numerical experiment in section 2.3. 



2.3 1-D Numerical experiment 

Here we present a simple numerical experiment proposed to check the results of 
the two last sections. We have chosen for simphcity to simulate the 1-d equivalent of 
a membrane, i. e., a 1-d filament fluctuating in a 2-d space. Despite the plainness of 
our numerical system, described in section 2.3.2, we have access to the three tensions 
r, a and r. In section 2.3.3 we present and discuss the compatibility of the numerical 
data with the theoretical predictions for a filament, derived in section 2.3.1. 



2.3.1 The tension r for a 1-d filament 



Let's call e\\ the average direction of the filament and e±_ the perpendicular 
direction. The filament's length L is fixed by adjusting the conjugated variable cr 
and the projected length on e\\ is denoted Lp. In the Monge's gauge, its shape is 
described by the height h{x) e±, where x is the ordinate in the direction ey. For a 
weakly fluctuating filament, the energy is given by the 1-d counterpart of eq.(1.15) 



2 "'XX ^ 2 ^ 



iqx 



dx . 



HiT) — a Lp + J 
Accordingly, with the Fourier transform 

h{x) = ^= J2 h' 

V^P q 

where 

E . 

q \n\ e [l.ATmax] 

and q — 27rn/Lp, n e N*, one has 



(2.44) 



(2.45) 



(2.46) 



(2.47) 



where 27riVmax/-^p = A pa 1/a, where a is a microscopical cut-offi It follows that 
(|/i(g)P) is given by the equivalent of eq.(1.29). 
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In appendix B, we derive the projected stress tensor for a 1-d filament. There, 
we show that it has just two components, one tangent to the filament direction Sjj^, 
developed up to order two on /i, and other perpendicular to it S^^, developed up to 
first order in h, yielding 



"^-^K- l^Kx + « hxxxK , (2.48) 



= ahx- K hxxx ■ (2.49) 

Note that these equations are equivalent to H^x and Hzx (eqs.(f.58) and (f.60), 
respectively) for hy = and hyy = 0. In order to evaluate tid = (^jj^)) we introduce 
the correlation function for "Hid: 

G{x -x') = ^y . (2.50) 

We have thus 



TlD = - ^{hl) - -{hlx) + K{hxKxx) , (2.51) 



(7 — 



2Lp ^ a + Kq 



2 



9 



k^T f dqa + Snq'^ 



— a 



3A;bTA 
27r 



2 

arctan (A^) 



3Ae 



(2.53) 



where we have taken the thermodynamic limit in eq. (2.52) and ^ = y^^/a. For 
^ -C a, i.e., for non-extreme tensions, we have simply 

3^bTA 

TiD^(T . (2.54) 

ZTT 

As for a two-dimensional membrane, the effective tension is smaller than the tension 
a and the difference is well approximated by a constant. 

Numerically, to evaluate tid = one should evaluate each one of the three 

averages of eq.(2.51) {{hi), {hl^) and {h^h^xx)) at the point x — Lp. If however 
one imposes the filament to remain horizontal at its end, i. e. hx\Lp — 0, eq.(2.51) 
becomes simply 

riD = a-^(Cl; (2.55) 

where Clp = h^xlbp is the curvature at the filament's end and where at stands for 
the tangential tension. Eq.(2.55) is much simpler to check numerically, since one has 
just to evaluate one average. We shall thus impose in our simulation hx\Lp = and 
verify independently both equations (2.53) and (2.55). 
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2.3.2 Numerical system and dynamics 

We considered a discretized version of a 1-d filament constituted of a chain of 
N rod-like segments of natural length a, each rod representing a coarse-graining of 
several lipids. We assumed in an approximation that all segments had the same 
length a(l + e) and thus the total length of the system was L = N a{l + e). We 
wanted a filament with L = N a. Imposing e = would not allow us however to 
measure a, which is a fundamental point of this simulation. We have thus considered 
that the chain was connected to a lipid reservoir, so that e was free to vary. In order 
to fix (e) = 0, the conjugated variable a had to be properly adjusted, as in eq.(2.44). 




Figure 2.4: Parameters of the numerical experiment. The angle 6 is the average angle 
that the chain does with the horizontal axis (see eq.(2.57)) and e/j is the end-to-end 
direction. The projected length, indicated in red and denoted Lp, is the length of the 
chain projected on br. Note that we impose the last segment to be parahel to eR. 



Each configuration Qi of the chain was described by the set {9i, ...,9m-i,€}, 
where 6i stands for the angle that the segment i makes with the horizontal axis (see 
Fig. 2.4). The last segment was imposed always parallel to the vector R, defined by 

^ i=N-l 
i=l 

where Ui is the unitary vector in the direction of the i-th segment so that tid = 

can be easily checked through eq.(2.55). Associated to the vector R, we define the 

average direction = R/R = ey, where R= \R\. Thus we impose = and 

i=N 

^^ = ^=nJ2^^- (2.57) 

i=l 
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The projected end-to-end length is given by Lp = \R\ = {L/N) Xlili cos(^^j — d) (see 
Fig. 2.4). 



During the simulation, we considered two kinds of moves: 

1. Move A: changing one segments angle 6'j, which corresponds to the effects 
of thermal fluctuations on the chain's shape (see Fig. 2.5(a)). In this case, 
the direction e^j is changed and consequently, the last segment must have its 
direction corrected; 

2. Move E: changing the extension of segments through e, which represents the 
exchange of lipids with the reservoir (see Fig. 2.5(b)). 



In addition, an external force / = t • e^j always parallel to the last segment is 
exerted over the chain. The chain's free-energy is given by a bending contribution, 
a contribution coming from the Lagrange multiplier a plus a contribution from the 
external force 




(a) Move A: changing the angle of one segment 
with respect to the horizontal The last segment 
must be adjusted so that its direction is parallel to 
the vector e^j. 



o 




(b) Move E: changing the extension e of seg- 
ments. 



Figure 2.5: Two kinds of movements considered for the chain. 




N-l 




i=l 



where 




(2.59) 
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is an approximation of the curvature between two successive segments. Note that 
the problem is invariant under rotation around the origin O, so that at any moment 
we can describe the configuration on Monge's gauge. 

The imposed parameters of the simulation were A^, r in units of /3 a and k in 
units of /3. For each r, a was adjusted in order to fix (e) = 0, as discussed above. 
We detail how it was done in the following. 

In the end of section 2.3.1, we have argued that in general, one should expect 
r 7^ r 7^ cr, where r is the coefficient in of the spectrum fiuctuation 

(|/^nr) = ^^. (2.60) 

In order to measure (and thus r), we have first performed a rotation so that 

we were in the same situation as in section 2.3.1. We defined 0(x) = 9i — 9, where 
X is the ordinate in the axis e^^.. The function @{x) is a series of steps of length 
cos{6i — 0), as shown in Fig. 2.6. Note that this function is well-defined only when 
there are no overhangs {\6i — 6\ < 7t/2 for all segments), unlike the configuration 
seen on Fig. 2.4. 




Figure 2.6: Construction of function &{x). First, the initial configuration is rotated of 
— 6. The tension r was deduced from the average of the Fourier transform of this curve 
over a large sample of configurations. 
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With the Fourier transform 

@n= Q{x)e~'^ dx, (2.61) 
Jo 

we expect 

{\&^\y = /3[r + Kq' + 0{q')] , (2.62) 

with q = 27in/{Lp). The strategy to obtain r was to average |0„P over a large set 
of configurations and fit the data with eq.(2.62). Fig. 2.7 shows a representative fit. 

2500 
2000 
1500 
1000 
500 


1 2 3 4 5 q 

Figure 2.7: Example the fit (solid line) of (|0np)~-^ (crosses) with eq.(2.62) for = 50, 
K/3 = 125 and r/3a = 2 and a^a = 2.45535. The fit yields rj3a = 2.83 ± 0.03 and 
Kj3 = 109.28 ± 0.09. Fit with = 0-82, indicating a good fit. 

A sum-up of the variables can be seen in table 2.1. 



Tension 


Status 


How 


r 


imposed 




cr 


adjusted 


{L) = Na 


r 


measured 


(|0nP) 




Table 2.1: Sum-up of how we have dealt with tensions in the numerical experiment. 
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Numerical dynamics 

We used a Monte Carlo method to generate a sufficiently large sample of chain's 
configuration so that we could evaluate averages with a good precision [106]. The 
configurations were generated through a Markov chain algorithm: from a certain 
Jlj, a random move of kind A ot E was proposed, generating a new state fli+i. In 
order to respect the detailed balance, the configuration Qj+i was accepted with the 
probability P{fli — >■ Jlj+i) given by the Metropolis algorithm 



P{fli — >■ Oj+i) = min 



1, 



(2.63) 



In the case of thermodynamic equilibrium, the probability of each configuration 
is given by the Boltzmann distribution 



p(Q,) 



g— /^WdiscretC^^i) 



(2.64) 



where Z is the partition function. The probability of transition is then simply given 

by 



P(a^a+i) = min[l,e-^^^] , 
where AH = ^discret(f^i+i) - 'Hdiscret(f^i)- casc, we have 



(2.65) 



1. move A: an angle 9i of the set {^i, ...,9n_i} is randomly chosen. We propose a 
new angle 6'- = 6i + A6, where = x rand(— 1, 1), with rand(a, b) a random 
number with uniform distribution of probability between a and b. The new 6' 
is evaluated and consequently 9'^ = 9'. The variation of free-energy is thus 



K 



2a(l + e) 



(^,+1 - 9'f - {9,+, - 9,f + {9', - 9,.,y 



- {9i-9,_,f + 
L 



'N 



-9 



N-l 



N 



■j=N j=N 

cos {9, - 9') - cos {9, - 9) 

.j=0 j=0 



(2.66) 



If i = 0, the third and the fourth terms should not be taken into account. The 
value of Se is chosen in order to have fa 50% of acceptance of this kind of move. 

2. move E: a new extension e' = e + Ae, with Ae = 5^ x rand(— 1, 1) is proposed. 
The free-energy variation reads 



j=N 

AUe = o-aAe -ra Ae^ cos -^) 

3=0 

K Ae ■?'=^~i 



3=0 



(2.67) 
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Again, 5^ was chosen in order to have ~ 50% of acceptance for moves of kind 
E. 

To each move of kind E, N — 1 moves of kind A were tried in order to assure 
that in average every degree of freedom is equaUy modified. In the foUowing, we wiU 
call this sequence a Monte Carlo step. 

Equilibration criterion 

In order to obtain meaningful averages, we had to be sure that our numerical 
experiment reached equilibrium. Usually, it is enough to examine the number of 
Monte Carlo steps needed to decorrelate the longest modes on the Fourier space, 
which are the slowest to relax, and then choose a number of steps much larger for 
the simulation [106]. As our system is really simple (in the sense that the energy 
do not have several local minima) and that we have not chosen too long chains, 
we have chosen two criterion that together are stronger than the relaxation of the 
longest modes. First, for the equilibration of angles, we have required the average 
of R, given in eq.(2.56), to be ~ 0. One could imagine the case of a rotating fixed 
configuration, which would also yield (i?) ~ 0. To exclude this improbable situation, 
we have visually checked a set of configurations. Secondly, to study the equilibration 
of the extension e, we have examined the evolution of (e) over time: when it reached 
a plateau, we considered the system at equilibrium. 

In our experiments, we have taken N — 50 and a larger /3k — 125 to assure 
that the chain departs weakly from a straight line. For typical values ranging from 
r = —0.2 /So up to T = 5 f3a, the cqTiilibration was attained after 5 x 10^ steps. 
Currently, we have made 8 x 10® steps to be sure that the sampled configurations 
had an equilibrium distribution. At the end of each step, we have calculated @{x) 
(when there were no overhangs). 

Adjusting cr 

As we applied r to the membrane, we had to adjust a in order to have (e) ~ 
0. To estimate also the uncertainty of a, for each pair k, r we determined (Xmin 
corresponding to e^ax = (e) = 10^^ and a^^x corresponding to emin = (e) = —10"'^. 
To do so, we inspired ourselves on eq.(2.54) 

(a -Tid) /3a = 1^-0.5, (2.68) 

and started with two guesses (iTmin — — 0.35 and (cTmax — T)f3a — 0.55. The 
approach of the boundaries emax and emin was made through a false-point algorithm in 
20 iterations at maximum [107]. The stop criterion for (Tmin was | (e) — emin| < 3 x 10^^ 
and equivalently |(e) — emaxl < 3 x lO^"' for o"i„ax- A fluxogram of the adjustment 
procedure is presented in Fig. 2.8. For the typical values presented in the last section, 
the difference (Jmax — CTmin was systematically of ~ 0.001 ^a. 
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roda.c 



bad CT™„ ■ 



(<^Zn - r)f3a = 0.35 



I 

r . 

1(e) > 10-3 I 
I , J 



(<^rL - r)fia = 0.55 



r *• 1 

l(e> < -10-3| 
I J 



NO 
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NO 
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t_, 

1 new (e) | 




(e) - 10-3| < 3 X lO-'^ 

1 
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1 


* ▼ * 
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1' 





' rmn ^ max 



found 



■bad all'l. 



Figure 2.8: Fluxogram of the adjustment procedure. The processes taking place in the 
main function roda.c are inside violet boxes (solid lines). Each blue box (dashed lines) 
indicates a run of Monte Carlo of 8 x 10^ steps. The brown box (dotted lines) indicates 
that the false-point algorithm was used to suggest a new a. It is called at most 20 times 
for each boundary (usually, less than 5 times were enough). 



Buckling transition 

In order to verify the correctness of our simulation, we have also applied negative 
tensions to the filament. Indeed, for compressive tensions bigger than a certain 
limit, we expect our filament to fluctuate around a curved line, instead than around 
a straight line, as shown in Fig. 2.9. This transition is known as the buckling 
transition. 

This transition is also characterized by an increase and a discontinuity on the 
length excess, the equivalent of a, defined as 

«iD = ^ T/^"^ , (2.69) 

as the compressive tension increases. In Fig. 2.10 we can see that we have effectively 
a relatively abrupt increase of aiD as the tension approaches r = — 0.3/3a. We 
have thus some evidence of a buckling transition for negative tensions. We have 
not however made a systematic study of the transition, since it was not the aim 
our numerical experiment. Moreover, we have found some technical problems for 
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r < — 0.3/3a, since the projected length was highly fluctuating due to the alternating 
presence of buckled and straight configurations near the transition. The averages 
varied a lot and thus, with the parameters presented in the last section, the false- 
point method failed to converge in 20 iterations. Therefore, we have just considered 
r ^ — 0.2/3a, situation in which we are sure that we had small fluctuations around a 
straight line. 




(a) Buckled configura- (b) Non-buckled configura- 
tion for T = —0.3 (3a. tion for r = 0.5 /3a. 



Figure 2.9: Buckling transition. 




1 2 3 4 5 J- 



Figure 2.10: Percent length excess as a function of r. The sliaded region on the left 
represents the approach of the buckling transition. 



2.3.3 Results 

Once (Tmin and (Tmax were found, we have performed the numerical experiment 
three times with each value. We have taken the average of these three runs for 
the spectrum and for the average curvature of the last segment. For each averaged 
spectrum, we have made a fit using gnuplot to obtain r (see Fig. 2.7 for an example). 
We obtained k/3 110 in all fits, which we remind is a bit different from the 
microscopical k/3 = 125. This result is coherent with what one should expect given 
eq.(1.30), which takes into account corrections due to the renormalization. The final 
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results are summed up in table 2.2. In this table, a and r are the averages of cxmax 
and (Tinin and the corresponding r. From table 2.2, it is evident that t ^ a (see 
also Fig. 2.11). In the same graphic, we have also plotted {at) = a — n{C\^) /2. As 
predicted, we have indeed {at) 



T. 




1-0 N-L.pl a 



Figure 2.11: Tensions r (diamonds) and a (circles on top) as a function of the shortening 
of the projected length. Note that as predicted, the average of the tangential stress tensor 
at the extremity {ut) (circles superposed with the diamonds) coincides with r. The dashed 
lines are just guides to the eye. 



T 


cr 


r 






-0.2 


0.31 


0.01 


0.48 


48.81 


-0.1 


0.40 


0.17 


0.47 


48.91 





0.50 


0.32 


0.47 


48.99 


0.5 


0.98 


0.97 


0.46 


49.20 


1 


1.47 


1.63 


0.45 


49.32 


1.5 


1.96 


2.24 


0.44 


49.38 


2 


2.46 


2.81 


0.43 


49.43 


2.5 


2.95 


3.45 


0.42 


49.48 


3 


3.44 


4.11 


0.42 


49.51 


3.5 


3.94 


4.53 


0.41 


49.55 


4 


4.43 


5.19 


0.41 


49.56 


4.5 


4.93 


5.71 


0.41 


49.59 


5 


5.42 


6.16 


0.4 


49.59 



Table 2.2: Sum-up of the results obtained from our numerical experiment for iV = 50 
and /3k = 125. The values of the four first columns are in units of /3a, while the last 
column is in units of a. The errors on the second and third column are of ~ 0.001 and 
~ 0.02 respectively. The fourth column is the average of the curvature energy of the last 
segment. 



Quantitatively, the fit with the theoretical equation for the difference a — r given 



2.3. 1-D NUMERICAL EXPERIMENT 



69 



CHAPTER 2. PLANAR MEMBRANE 



in eq.(2.53) can be seen in Fig. 2.12 (solid line). The agreement is excellent for 
A = 1.1 a^^ (one parameter fit), which is a very reasonable value for the cut-off. 
In this graphics, we have also plotted the percent difference between a and r. The 
behavior is non-trivial: the sign of cr — r changes at low tensions and we have a 
even at high tensions. 




4 r. 5 

paa 

Figure 2.12: Lower data: comparison between r and a (error bars given by the symbol 
size); the solid line is a fit using eq.(2.53). Upper data: comparison between v and a\ the 
dashed is only a guide for the eye. 



To conclude, with this simple numerical experiment, we could accede to the 
tension o needed to fix the length of the filament, which one cannot usually measure 
in true experiments, simultaneously to the tension r and r. Our data corroborates 
the prediction that t ^ a and verify eq.(2.55). In addition, the difference between 
r and a was well fitted by eq.(2.51), giving some support to our theory. Regarding 
r, as discussed in section 2.2.3, we expected in general r 7^ a 7^ r, which our data 
seems to confirm. The way in which r depends on a seems to be non-trivial (see 
Fig. 2.12) and further studies have to be done in order to understand it. 



2.4 Some experimental implications 

In this section, we discuss the implications of eq.(2.10) to micropipette experi- 
ments. Indeed, in these experiments, it is usually assumed that o" ~ r, which, as we 
have seen, is not justified in the limit of low tensions. We will assume that we are 
dealing with very large GUV and that the difference of pressure between the inside 
and the outside of the vesicle is very small, so that the membrane is locally equiv- 
alent to a flat membrane. A more detailed derivation for quasi-spherical vesicles of 
any size taking into account the pressure difference will be done in chapter 4. 

In the limit of small fluctuations, the excess area is given by 
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2Ap ^ a + Kq 



where we have used the correlation function given in eq.(2.7). In the thermodynamic 
limit, we have 



^Inf^), (2.72) 



where the last approximation is valid in the limit k/ Ap <^ a < 10 Or- Using the 
fact that in this limit cr ~ r + ctq, we have finally 

a^^^\J^\. (2.73) 

Sttk V^o + ^/ 

In micropipettc experiments, one measures the percent difference of projected 
area between the initial configuration and the final configuration A^: 

^/-4 _ ({A)-A{ 



~ aj — at 



(2.74) 



Sttk V Co + t, 

Eq.(2.74) corresponds to the result presented in section 1.4.1 and usually used to 
deduce k by considering r ~ cr. In eq.(2.75), we see the explicit relation as a function 
of T. 

In Fig. 2.13, we imagine a typical micropipettc experiment with a vesicle initially 
under very small tension r* = 10"^ N/m and k = 25 k^T . We increase the tension up 
to 10^"^N/m by aspiring the vesicle. The curves in Fig. 2.13 represent the expected 
relation between the logarithm of r-^/r* and the percent of increase in the projected 
area for r = u and for r = cr — ctq. 

First of all, note that the percent increase of the projected area is very small 
(less than 0.5%), which corresponds to the validity range of our results (no stretch- 
ing). For T > (Jq, we have a linear dependence of the logarithm of r on the percent 
projected area with roughly the same slope whether one takes into account the dif- 
ference between r and a (eq.(2.75)) or not (eq.(2.74)). Thus, it is justified to deduce 
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K by fitting a straight line to data on this region, as it is usually experimentally 
done (see section 4, Fig. 1.28. (a)). We predict however a different behavior for small 
tensions (r < ctq): as we can see in Fig. 2.13, in the shaded area, we do not have 
a linear relation between the logarithm of r and the area excess. Sadly, we cannot 
identify this behavior in the data of Fig. 1.28, but our prediction can be tested by 
further experiments using vesicles under small tension. 




(iixii n.mi o.txa 0.054 o.rjci5 



Figure 2.13: Theoretical relation linking the tension to the difference of the projected 
area: in red (upper curve) , we see the curve where the distinction between r and a is taken 
in account (eq.(2.75)), while in blue (lower straight Hne) we see the usual law, supposing 
that T = a (eq.(2.74)). Numerical values: ksT = 4 x 10"^^ J, k = 10"^^ J, a = 5nm. We 
considered a vesicle under initial tension r* = 10~'^N/m. The tension is increased up to 
T = 10~^N/m. Note that for r < uq, we have no more a linear behavior. 



2.4.1 Natural excess area 

Another related consequence concerns the natural excess area, i. e., the measure 
of the fluctuations of a membrane under no external force (r = 0). Using eq.(2.73), 
we have 

ln(87r/3K) 

«eq ^ -^-^ , (2.76) 

which yields tteq — 0.03, 0.01, 0.005 for f3n = 5, 25, 50, respectively. 

Traditionally, however, one makes a = in eq.(2.70), which leads to 

1 , f A^/A: 



The main difference between these equations is the dependence in terms of the 
projected area Ap, since for the last equation one expects an explicit logarithmic 
dependence. Eq.(2.76) presents also a hidden dependence on Ap through eq.(1.30) 
due to renormalization, although it should be a far weaker dependence. This result 
is well suited for numerical verifications. 
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2.5 First evidences that t ^ a 

Here we present the first strong numerical and experimental evidences of the 
correctness of our results. In the first part, we present the results of recent numer- 
ical experiments far more complex than the one presented in section 2.3. In the 
second part, we discuss experiments on the adhesion of vesicles to solid substrate. 
We begin by mentioning a previous puzzling result by Radler et al. [84], already 
introduced in section 1.4.3. We report the attempts to understand this result made 
by Seifert [108]. Finally, we describe a recent experiment that seems to corroborate 
our previsions [87]. 

2.5.1 Numerical experiments 

In the same ref. [3], discussed in section 2.2, a 2-d numerical experiment was 
proposed to check the author's predictions. The numerical system consisted on 
coarse-grained amphiphilic lipids represented by chains of beads (see Fig. 2.14). 
The black beads represent the hydrophobic tail, while the white one stands for the 
hydrophilic head. In addition, single beads stood for water molecules. 




Figure 2.14: Coarse-grained amphiphilic molecule used in the numerical experiment 
proposed in ref. [3]. The black beads represent the molecule's hydrophobic tail, while the 
hydrophilic head is represented by the white bead. 



The total energy was composed by four terms: 

1. the hydrophobic interaction between the beads of the tail and water /hydrophilic 
head; 

2. an attractive interaction between two molecules, given by a Lennard- Jones 
potential; 

3. a harmonic potential between beads along a single molecule; 

4. a three-body bending potential that models the effects of hydrocarbon chain 
stiffness. 
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Both molecules of lipids and water were free to move inside a fixed cuboidal box 
with periodic boundary conditions. At each realization of the simulation, the size 
of the box could be changed, implying a change in the membranes tension r. The 
dynamics alternated sequences of Monte Carlo steps with sequences of molecular 
dynamics steps. 



In order to measure r, the forces exchanged through imaginary cuts perpendicular 
to the membrane plane were averaged for different box sizes. As in real experiments, 
the tension r was measured through the fluctuation spectrum. Similarly with our 
simple 1-d simulation, the buckling transition was observed for high compressive 
tensions. For the non-buckled regime, the results for a simulation involving 1152 
amphiphilic molecules and 7200 water molecules can be seen in Fig. 2.15. In agree- 
ment with the discussion of section 2.2, the author obtained indeed t ^ r. Moreover, 
negative tensions are observed for non-buckled membranes, as in our case. 



In this work, the relation given in eq.(2.9) was obtained by differentiating the 
free-energy with respect to the projected area. Assuming that r ^ a, as usually done 
in laboratory experiments, the author fitted eq.(2.9) to r by adjusting one parameter 
related to the upper wave-length cutoff. As we an see in Fig. 2.16, the agreement is 
very good, supporting the predicted relation between r and a given in eq.(2.9). 




2.08 



2.12 



2.1S 2.18 



2.2g 



Figure 2.15: Plot of r (indicated by a circle) and r (black circle) as a function of the 
projected area per molecule obtained in ref. [3]. As Op increases, the fluctuations are 
flattened and the tension r increases. The tension is displayed in units of e/£^ and Up in 
units of f, with e = 1/3 x 10-^° J and ^ = l/3nm. 
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Figure 2.16: The black squares indicate the directly measured tension r in ref. [3]. The 
circles represent the fitted values using eq.(2.9) and assuming r a. The units are the 
same as in the last figure. 



Very recently, a similar simulation was performed by Neder et al. [109]. They have 
also used coarse-grained amphiphilic molecules similar to the one shown in Fig. 2.14 
and the energy contributions were roughly the same as in [3] , added of a term —rAp. 
Thus, the main difference in this simulation is the fact that r is imposed (and not 
measured) and the box size was free to change. In other words, the simulation was 
performed at r and Np, the number of lipids, fixed. The advantage of this method is 
the possibility of controlling directly r, while in the method used in [3], the tension 
was imposed by the size of the box. The configurations were generated through 
a Monte Carlo algorithm, since only static measures were done. Different phases 
of the membrane were observed, depending on the temperature of the system. In 
particular, we can see some snapshots for the liquid phase in Fig. 2.17. 




Figure 2.17: Snapshots of bilayer configurations in the liquid phase [109]. The dark gray 
molecules point upward from tail to head while the light gray point downward. In the first 
snapshot at left, the membrane is tensionless. In the following two snapshots, the tension 
is increased (O.OlJ/m^ and 0.02 J/m^, respectively). Remark the interdigitations in the 
configuration of highest tension due to the stretching of the membrane. 



As before, r was measured through the fluctuation spectrum for the tensions 
above mentioned (results presented in table III of [109]). For the tensionless state, 
they obtained r = (0.11 ± 0.19) x 10"^ J/m^. This result seems to agree with our 
prediction that r should be bigger than r, even though one should be cautious given 
the large error-bars. For the systems under higher tension, however, the trend was 
inverted. This fact does not contradict our predictions, since stretching was not 
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taken into account in our theory. Indeed, by measuring an overlap parameter, as 
well as the nematic order parameter for the liquid phase, the authors confirmed that 
stretching takes place for r > O.OlJ/m^. Further simulations in the regime of low 
tension should be useful to compare with our predictions. 

2.5.2 Adhesion experiments: a puzzling result 

Here we will comment on some experiments involving the adhesion of vesicles to 
solid flat substrates, discussed in section 1.4.3. In 1995, Radler et al. [84] studied the 

adhesion of GUVs to solid substrates. They constituted GUVs of stearoyl-oleoyl- 
phosphatidylcholine (SOPC) in a 100 mM sucrose solution, so that the vesicles were 
denser than the buffer solution and sank to the bottom of the chamber, where a 
glass cover slip coated with a thin film of MgF^ and bovine serum albumin had 
been deposed. The vesicle then fioated above the glass slip with a height s{r), 
as shown in Fig. 1.33(b), in a weakly adhered state. Using refiection interference 
contrast microscopy (RICM) and phase contrast microscopy (see Fig. 2.18), the 
group could measure the radius of the vesicle Ryes, the radius of the contact region 
Ra, and reconstruct the height profile of the adhered patch. 




(a) High tension (b) Small ten- 

(tlic bar corre- sion 
spends to 10 /xm). 



Figure 2.18: RICM micrographs of adhering vesicles under different tensions [84]. The 
height profile is obtained by measuring the intensity of Hght through a line that passes by 
the center of the contact region. The fringes at the edge of the round area indicate the 
end of the contact region. 

Under the supposition that energy of the contact region was well described by 
eq.(1.38) and defining h{r) — s{r) — (s), they could infer: 

1. the fluctuation spectrum (|/i(q)p), which once fltted with eq.(1.39) allowed to 
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obtain r and V" (see Fig. 2.19). The bending rigidity for SOPC, obtained in 
previous experiments, was assumed to be 35 kBT; 

1 .5-1 




1 2 3 4 5x10 

q [m- '] 



Figure 2.19: Fluctuation spectrum of the contact region of the adhering vesicle [84]. 
The solid line corresponds to the fit of eq.(1.39) from which V" and r are deduced (it was 
assumed that k = 35kBT). 



2. the correlation function {h{x)h{0)), which can be approximated by an expo- 
nential asymptote 

G(r, r') = {h{r)h{r')) ^ ^1 e""^ , (2-78) 

where ,^|| is the distance beyond which two pieces of membrane are uncorrclatcd 
and is a measure of the membrane roughness. From the experimental 
data, the authors deduced through a fit and ^± from the value of G{0) (see 
Fig. 2.20); 




X [m] 

Figure 2.20: Correlation G{x) [84]. The solid curve shows the fit from which is 
deduced, while ^± is deduced from G{0). 



3. as we have discussed in section 1.4.3, under some conditions, the vesicle behaves 
as a spherical cap and we can define an effective contact angle that respects an 
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analogous to the Young-Dupree relation. After a reconstruction of the average 
height profile of the adhesion patch from the RICM images, Radler et al. tried 
to obtain the effective contact angle ^eff by a hnear fit near the edge of the 
contact region (see Fig. 2.21). They have also tried to fit a circle in the contact 
region in order to obtain the curvature radius i?c, which relates to the adhesion 
energy per unit area Wa through eq.(1.42) in the case Rc < Ryes- 




2 4 6 8 1 



Figure 2.21: Average contour of a vesicle near the contact region obtained from the 
RICM images. The dark points correspond to the regime s < 100 nm, while the open data 
correspond to higher order fringes and are not further considered. The solid line shows 
a linear fit from which ^eff is derived and the dotted line shows the fit of a circle to the 
contact region aiming to obtain Rc. Note that the scales are distorted and that ^eflf ~ 1" 
- the membrane is extremely fiat. 



As the vesicle was extremely flat and rounded near the contact point, one 
could not obtain ^efr precisely from the height profile. Indeed, measuring the 
contact angle in larger scales would lead to larger values for ^efr- Concerning 
Rc, the fit was made difficult by the thermal fluctuations that remain even after 
averaging. Sadly, the values of Rc obtained were comparable to the vesicle's 
radius Ryes- Accordingly, eq.(1.42) could not be used to obtain the value of 
the adhesion energy Wa- 

4. the average height (s) . 

To sum up, Radler et al. were able to obtain r from the fluctuation spectrum 
and to made a rough estimate of the effective contact angle. They could not however 
measure directly r nor the adhesion energy Wa- So, they made a theoretical estimate 
of the adhesion energy to check the self-consistency of their results. 

Theoretical estimate of the adhesion energy per unit aiea. W^^° 

Here we explain just in general lines how the value of the adhesion energy per unit 
area was theoretically estimated. The details are given in appendix C. Radler et al. 
considered that the contact region of the vesicle was submitted to three potentials: 
two attractive, coming from the van der Waals interaction and gravity, and one 
repulsive with steric origin. They considered the screened van der Waals potential. 
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since some part of the MgF"^ coating of the glass cover shp is expect to be present 
in small concentration in the buffer solution. 

To obtain the repulsive contribution coming from the reduction of the config- 
urations due to the substrate, they had to determine whether the adhesion was 
dominated by the bending rigidity or by the tension, which was done by studying C,± 
(see appendix C for details). They concluded that the behavior of the membrane was 
dominated by tension. Furthermore, they could also conclude that it was reasonable 
to assume a ~ r in this experiment. 

A plot of Vtotai = Kdw + V'steric + Vgriw ioT typical experimental values (o" = 1.7 x 
10-5 N/m, K = 35 ksT, b = 0.085, Ah = 2.6 x lO^^i J, Dm = 20 /im. Da = 10 /im, 
Ap = 7kg/m^) can be seen in Fig. 1.30(a). The potential presents a minimum 
whose depth can be considered as a first estimate of the adhesion energy per area 

^^heo ^ ^Q-9 

Coherence test: estimate of the adhesion energy through Young-Dupree 
relation and discussion 

The second strategy of the authors was to estimate the energy of adhesion 
through the Young-Dupree relation 

iyJ°"'^g = r(l-cosM , (2.79) 

where 9es is the effective contact angle obtained through the fit shown in Fig. 2.21. 
Assuming that t ^ r, their results are summarized in table 2.3. Despite the impreci- 
sion in the measures of the effective contact angle, there seems to be an incoherence 
between the theoretical estimate and the value of the adhesion energy obtained from 
the Young-Dupree relation, which was initially blamed on the simplified theoretical 
framework that did not account for the constraints on area and volume. 
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Table 2.3: The first four columns show the measured parameters from eight different 
vesicles. The fifth column is the adhesion energy evaluated through eq.(2.79) assuming 
r ~ r. The sixth columns shows the theoretical estimate (the minimum of Vtot)- 
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A refined theory does not solve the problem... 

Shortly after, Udo Seifert proposed a refined theory that considered also the 
constraints on area and volume [108]. His calculations yielded a different repulsive 
potential Vj^*''*. Considering only Vjgj[^''* and Kdw, he concluded that the vesicle 
should present tension-induced adhesion, i. e, the potential should present a local 
quadratic minimum like in the experiment of Radler when 

where ip^s ~ Ra/Rwes and 6 is a constant. Taking h = l/27r and n = 35 /cbT", this 
condition is satisfied for a ~ 150[1 — cos{ipes)] and thus (p^^ ~ 0.07 rad. In Radler 
experiment, ipeS ^ 1/4 (see table 2.3) and thus the refined theory could still not 
explain the data. 

Finally, Seifert examined the possibility that gravity could reconcile his theory 
with Radler 's experiment. He compared the total contribution to the potential 
energy coming from the bending rigidity and from gravity: 



g Ap Vd hcM 
gApR^^ 



ves 



(2.81) 



where Vd is the vesicle's volume, g is the gravitational acceleration, Ap is the dif- 
ference of density between the liquid contained in the vesicle and the suspension 
medium and hcu is the height of the vesicle's center of mass. As a rough estimate, 
he assumed the vesicle a sphere and hcu ~ -Rvcs- For typical experimental vahics, 
the ratio is of approximately one hundred: gravity is thus very important to deter- 
mine the shape of a vesicle. Neglecting the adhesion energy, which is justified in 
the case of weak adhesion, and neglecting the bending energy, the contact angle of 
the vesicle should be zero and the tension should simply be given by the balance 
between gravity and the mechanical tension: 

T^lgApRlJ^y , (2.82) 



3 " " V R^ , 

where we have approximated /icM ~ -Rves- Numerically, for the experimental data 
of Radler et al., one obtains r ~ 3 x 10~^N/m, which is still far smaller than the 
values of r measured (see table 2.3). Radler 's data remained unexplainable. 



The solution and a posterior confirmation 

In 1995, the fact that r ~ cr was very significantly different from r was totally 
unexpected. Let's now re-examine the experimental data of that time under our 
theoretical framework. Our theory predicts that r should indeed be different from a . 
As a first approximation, let's assume that we are in the conditions where r = g — Gq. 
If we look at the values of table 2.3, we have r cr ~ 10~^ N/m. If we suppose that 
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the adhesion energy per unit area is indeed ~ 10~^N/m and we invert eq.(2.79), 
we obtain r ~ 10~^N/m, yielding (Tq — 10~^N/m. Recalhng the definition of ctq 
presented on eq.(2.11), this result implies that the microscopic cut-off is a ~ 4nm, 
which is very reasonable. Therefore, our theory could explain the results of Radler 
et al. 

Recently, Sengupta and Limozin made a careful study on the adhesion of vesi- 
cles [87]. They examined the adhesion of stiffer GUVs composed by phosphatydil- 
choline and cholesterol filled with a 200 mM sucrose solution on a substrate coated 
with polymers in three different concentrations: without polymer (no-polymer coat- 
ing), with Cpoi = 0.75 fim'"^ (sparse polymer coating) and with Cpoi = 1 /im"^ (dense 
polymer coating). They observed systematically the pre-nucleation state (weak ad- 
hesion), the nucleation, i. e., the formations of the first patch of strongly adhered 
membrane, the growth of these patches and the mechanics in the final state of strong 
adhesion (see Fig. 2.22). 




Figure 2.22: Three states studied during the experiment proposed by Sengupta et al. [87]: 
at left, the vesicle is in a pre-nucleation state. It fluctuates at a height he given by a local 
minimum of the adhesion potential. In the middle, we see the nucleation: a part of the 
adhesion patch adheres strongly to the substrate, which corresponds a transition to the 
deep minimum of the adhesion potential. Finally, at right, we see the final strongly adhered 
state. The effective contact angle, here indicated hy 6f, and the characteristic length A = A 
introduced in section 1.4.3 are also represented. 



From a theoretical point of view, the predicted adhesion potential for the three 
coatings is shown in Fig. 1.30(b) and reproduced in Fig. 2.23. For no-polymer 
coating, there is just a deep minimum and thus strong adhesion, while for sparse 
polymer coating, there is also a shallow minimum at ~ 100 nm corresponding to 
weak adhesion. For the dense polymer coating, only the shallow minimum remains 
and only weak adhesion is predicted. The nucleation represents thus the passage of 
the shallow minimum to the deeper one. 
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Figure 2.23: Predicted adhesion potential for three different coatings. The red circles 
indicate the deep minima and the star indicates the shallow minimum. The curves were 
obtained for R^^s = 10 /um, 4ter = 0.2 nm, d^p = 0.9 nm, Ap = 12.8 kg/m^, Ah = 2 x 
10-21 J, K = 100 /CB^, a = 4nm, b = 0.1 and Rf = 87nm. 



Experimentally, as in former adhesion studies, RICM images using two different 
wave-lengths were used to obtain an intensity map of the adhered region. This time, 
however, a major improvement was introduced in the reconstruction of the height 
profile from these images: the case of profiles with high and variable curvature was 
addressed for the first time. Indeed, up to now, only the deviations caused by pure 
tilts and by profiles of constant curvature were accounted for. With this new method, 
the membrane profile was described by a succession of small curved segments and the 
reconstruction was made fringe by fringe (see a description of the method in [87]). 
The advantage of this method is that it allows a more reliable profile reconstruction 
even for steeper profiles, allowing thus to obtain the contact angle more precisely. 

The results concerning the membrane mechanics can be summarized as follows: 

1. Pre-nucleation state: in this state, the membranes presents strong undulations 
in the adhesion region. The vertical roughness C,± — 15 nm was measured, from 
which a ~ 10"^ N/m could be deduced (the relation between these quantities is 
given in appendix C). As Seifert had shown in his work, gravity is dominating 
in the case of weak adhesion, so that the tension r can be deduced from 
eq.(2.82), leading to r = 10"^ — 10"^ N/m. Sengupta and Limozin verified 
that this discrepancy is compatible with r = a — (Tq for a ~ 5 nm. 

2. Saturation of growth of the strongly adhered patch: the vesicle gains energy 
by increasing the contact area. In the process, its excess are decreases up to 
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the equilibrium represented in C of Fig. 2.22. As in micropipette experiments, 
the excess area before and after strong adhesion should verify eq.(2.75). This 
relation was verified for all vesicles studied in this work within a factor between 
five and ten for (Jq ~ 10~^N/m. 

3. Final state of strong adhesion: instead of measuring the effective contact angle 
^eflf and the curvature radius Rc as in Radler's work, the authors used the 
second method proposed in section 1.4.3 to obtain the adhesion energy Wa 
and the membrane tension r, by measuring the contact angle ^eflf and the 
length A (sec Fig. 2.22). This time, the results obtained were more reliable 
due to the new reconstruction method and to the fact that the effective angle 
is more easily defined in the case of strong adhesion. Prom A, the tension r 
could be directly derived (eq.(1.45)). Using the Young-Dupree relation and 
the measured values of ^eff) the adhesion energy Wa for each polymer coating 
could be obtained. The values obtained for Wa for the different coatings were 
compatible with the theoretical values, corresponding to the deep minima of 
the adhesion potential (see Fig. 2.23). Sadly, in this case one cannot measure 
neither r nor a by measuring the fiuctuations of the membrane, since the 
membrane is too near to the substrate. 

The results described in the points 1 and 2 are the first strong evidences in 
agreement with our predictions. 



2.6 In a nutshell 

In this chapter, we have discussed the difference between the mechanical tension 
r one applies through micropipettes, for instance, and the tension a usually added 
to the Hamiltonian in theoretical calculations. Quantitatively, for large membranes, 
we have found 



= (7 - (To 

~ a - (To , 



1 - 



(T , / kA' 

In 1 + 



kA 



(2.83) 



where the last approximation is valid for small tension (a < 10~ (t^, where (t^ = 
kA"^ is of the order of the rupture tension). The constant (To depends only on the 
temperature and on the upper wave- vector cutoff A through 



(7o = 



far A' 

87r 



(2.84) 



The cutoff A is related to a microscopical length of the same order of the membrane 
thickness. Numerically, at room temperature and assuming A = 1/(5 nm), we ob- 
tain ~ 5 X lO^'^N/m, which is a not so small. Indeed, we predict non-negligible 
corrections for experiments involving small tensions. We have also questioned a for- 
mer demonstration asserting that the coefficient of the term of the fiuctuation 
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spectrum, measured in contour analysis experiments, was equal to the mechani- 
cal tension. We have presented some results supporting our predictions: a simple 
numerical experiment and a recent experiment on the adhesion of GUVs. 
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Chapter 3 

Fluctuation of forces in planar 
membranes 

In the last chapter, we have examined the average force exerted through a cut of 
projected length L on a fluctuatmg planar membrane 

if) ^ Tie,, (3.1) 

where is the direction perpendicular to the cut. Using the projected stress tensor, 
we have obtained r as a function of the tension a, introduced in the Hamiltonian in 
order to fix the average area of a membrane. 

In this chapter, we would like to study the mean square deviation of this force, 
defined as 

(A/)^ = if) - iff . (3.2) 

In the following, we will call A/ simply the fluctuation of the force. The results 
exposed here were obtained in the company of Jean-Baptiste Fournier and remain 
unpublished. Our motivation is three-fold: 

1. first, as experimentally one can measure the average of forces, it should also be 
possible to measure its fluctuations. Experimentally, for planar membranes or 
GUVs, this may be technically difficult, since one does not control r directly 
(figures are different for experiments involving membrane nanotubes, as we 
shall see in the following chapters). Numerically, however, it should be reason- 
ably simple to obtain Af using systems similar to the one proposed in ref. [3], 
introduced in section 2.5. 

2. secondly, there is no theoretical prediction on the matter. Up to now, as we 
have seen in last chapter, calculations on r involved differentiations of the free- 
energy, which is very tricky. The projected stress tensor simplifies calculations, 
allowing one to obtain more directly the mean square deviation of forces; 

3. at last, this chapter is an intermediate step towards the calculation of the 
fiuctuation of the force needed to hold a membrane nanotube, which will be 
done in chapter 6. Indeed, this geometry is far more interesting, presenting 
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highly fluctuating Goldstone modes [7] . Moreover, from an experimental point 
of view, in order to extract or hold a tube, one applies directly a point force 
using optical tweezer or using magnetic beads, as we have seen in section 1.4.4. 
These techniques are very precise and one should thus be able to measure A/, 
even if it is of the order of some pN. 

In the first section, we will define precisely A/ and remind some results obtained 
in the last chapter. After, in section 3.2 we shall introduce some diagrammatic tools, 
which are very useful since they make calculations visual. Using diagrams, one can 
easily identify terms whose contribution is zero and group rapidly other terms. It 
will prove specially useful in the calculation of the fluctuation of the force. To gain 
familiarity with these diagrams, we recover the result given in eq.(2.9) in section 3.3. 
In section 3.4, the most technical one, we shall evaluate the correlation of each term 
of the stress tensor. These results are finally used in section 3.5 to obtain A/. 

3.1 Definitions and former results 

Let us consider the same weakly fluctuating planar membrane described in chap- 
ter 2, whose projected area on a plane 11 parallel to the average plane of the mem- 
brane is Ap (see Fig. 2.1, which we reproduce in Fig. 3.1). 




Figure 3.1: Weakly fluctuating planar membrane described in the Monge's gauge. The 
force / is exchanged through the cut of projected length L (red). Note that we have chosen 
an orthonormal basis in order to have m = e^. 



The Hamiltonian is given by eq.(2.6) and the we remind that the corresponding 
correlation function reads 

G{r - r') ^ {h{r)h{r')) = 2^ 4 ' (3-3) 

where q = 211/ y^A^{m, n) and 

ax 

with A^max = -\/A'/(2vra), corresponding to a maximum wave- vector g^ax = l/o, 
with a a microscopical length of the order of the membrane thickness. 
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As shown in Fig. 3.1, we consider a cut of projected length L parallel to e^. The 
average force exchanged through the cut is 

+ {^zx) e.) , (3.5) 

where Ej^ are the terms of the projected stress tensor for planar membranes intro- 
duced in section 1.5.2. In chapter 2, we have obtained 

In section 3.3, wc will recover this result using diagrammatic tools. 
The squared fluctuation of the force is given by 

(A/)^ = {f)-{f)\ 

= (A/.)^ + (A/,)^ + (A/,)% (3.7) 

where 

(A/,)2 = / / [ (E,,(x, y)E,,(x, y')) - (E,,)^ ] dydy' , (3.8) 

J J -L/2 

r rL/2 

{Afyf = // {Ey,{x,y)J:y,{x,y')) dydy', (3.9) 

J J -L/2 

r rL/2 

(A/,)2 = // (E ))dydy', (3.10) 

J J -L/2 

are the squared fluctuation of the forces perpendicular to the cut, parallel to the 
cut and normal to the average membrane's plane, respectively. Note that we have 
omitted (S^^^) and (E^^:) in eq.(3.8) and eq.(3.10), respectively, as these averages 
vanish (see section 2.1). The evaluation of the force fluctuation is made two steps: 
first, we will evaluate the correlations 



Cxx{y-y') = {T,^cc{x,y)J:^^{x,y')) - {E^^f , (3.11) 
Cy^{y-y') = {^yx{x,y)J:y^{x,y')) , (3.12) 
Czxiy-y') = {T,zx{x,y)T.^^{x,y')) , (3.13) 

in section 3.4. After, in section 3.5, we will integrate these correlations twice over 
the cut's length. First of all, let's introduce some diagrammatic tools. 



3.2 Diagrammatic tools 

In physics, the word field is used to denote any physical quantity that varies in 
space. Accordingly, the height of the membrane h{r) is a field. Inspired from the 
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Feynman diagrams used in statistical field theory, we associate graphical represen- 
tations to the fields in order to make calculations visual, allowing quicker simplifi- 
cations. Each field is represented by a simple straight line with a point appended to 
it. This point, called a vertex, represents the point r in which the field is evaluated. 
When two or more fields are evaluated at the same point, we represent them con- 
nected by the same vertex. Besides, we represent the differentiation with respect to 
X or y by a slash or a dot over the lines. We present a basic diagrammatic vocabulary 
in table 3.1. 



Usually 


Diagrammatically 


h{r) 


1 

1 


hx{r) 


1 


hy{r) 


t 


h{r) h{r) 


V 


h{r)h{r') 


1 1 



Table 3.1: Basic translation rules from the usual notation into diagrams. 



The thermal averages of fields are performed using Wick's theorem, which states 
that the average of an even number of fields is given by the sum of all possible 
complete contractions. By a complete contraction, we mean linking the free ends of 
a set of fields, two by two, in a way that no single field remains. The continuous line 
formed after the contraction between two fields represents the correlation function 
G{r) (in this context also called propagator), suitably differentiated. If the number 
of fields is uneven, the theorem states that the average vanishes. 

Let's see an example of the simplest case, involving only two fields: 

^' =dx\rdy\r'[G{r' -r)], (3.14) 

where d^lr stands for the derivation with respect to x at the point r. The arrow 
indicates that the propagator leaves at the vertex r and enters at the vertex r'. It's 
direction is arbitrary: by inverting it, we would obtain dx\rdy\r' [G{r — r')], which 
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yields the same result as in eq.(3.14), since G{r — r') is a function of \r — r'\. For 
the propagator given in eq.(3.3), we obtain 



1 



far 



(3.15) 



In other words, every slash (resp. dot) contributes to the sum a factor i (resp. i qy) 
if the propagator enters the vertex to which it is attached and —iqx (resp. —iqy) 
otherwise. 

From this result, it is easy to show that whenever we have correlation function 
of the same kind of the one given in eq.(3.3), we can group slashes and dots using 
the following rule: in any propagator branch, one can shift a slash or a dot from one 
vertex side to the other if one multiplies the diagram's coefficient by —1; once all 
derivatives are on the same side, the side matters no more. All the derivatives can 
be taken at the same point, contributing [i q^) for a slash or {i qy) for a dot, and we 
represent them in the center of the propagator: 



-l)x 



dxdy[G{r' ~r)]. (3.16) 



As a second example, let's see a typical case of the average of two fields evaluated 
at the same point. We have 



(-l)x 



-dyyG{r) 



A. 



E 



2 piq r 



(3.17) 



Finally, in section 3.4, we will deal with averages involving four fields. A repre- 
sentative example follows, where we have numbered each field to highlight all the 
possible complete contractions: 



12 3 4 



1 ^ 3 



+ 



2^4 



1 ^ 3 




2 4 



r < yr'-\-r 




(3.18) 



which one can readily read by noting the equivalence 




(3.19) 
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3.3 Getting familiar: evaluating (/) with diagram- 
matic tools 

From eq.(3.5), we see that to evaluate (/), one needs to evaluate the average of 
some component of the projected stress tensor. These components, introduced in 
section 1.5.2, can be written in terms of diagrams as 



+ I V -I V n V 

K 

2 



^ ^ , (3.20) 



+ k\/ , (3.21) 

E^^ = (7 I - K I - K j . (3.22) 

The average of cq.(3.22) is the simplest one to evaluate: since each term has only 
an uneven number of fields. Wick's theorem imply directly a vanishing average. We 
shall evaluate in details the average of T,^^ ^ a-n example. We have 

(S..) = a + f 9 -^Q +^ 

+ kQ +KiJ , (3.23) 



where the vertex indicates the point r in which the average is calculated. Note that 
the average does not depend on it, given the isotropy of the system. Grouping the 
differentiations, we obtain 




(3.24) 



Now, in the particular case of these diagrams, with only one vertex, we have 



E Kiqy) _ /cbj yiqx) 

q ^ q 



Ap ^ aq^ + Kq'^ Ap ^ aq^ + Kq^ 



(3.25) 
(3.26) 
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In fact, as the correlation function is calculated at r = r', it follows that more 
generally we can exchange globally slashes and dots in a diagram. Sadly, this nice 
property does not hold for the evaluation of the kind of diagram shown in eq.(3.19), 
particularly important to evaluate the force fluctuation in the next section. For the 
present case, it follows 




(3.27) 



which reads 



a 



K,q 



2 A 



(3.28) 



As expected, we have recovered r given in eq.(2.9). 

Taking into account the rules introduced in the last section, the average of "Eyx 
is very simple to evaluate. Grouping the derivatives, we have 




(3.29) 



Let's evaluate the first diagram: 

Q ^ksTyi^q^^ (3.30) 

Recalling that qx — 27rm/yC4^ and that qy — I'Knj ^[Ap and that the sum over q 
stands for two sums, one on m, and other on n, both running from — A^max up to 
A^max, one can readily show that the contribution of this diagram vanishes. More 
generally, for this kind of diagram, a uneven number of slashes or dots imply a 
vanishing contribution. So, we conclude that ^yx) = and we re-obtain the result 
given in eq.(3.6). 
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3.4 Evaluation of the projected stress tensor cor- 
relation 

In this section, we will evaluate the correlation of the stress tensor at two general 
points over the projected cut r = x + y By and r' = x + y' By. As we discussed 
in section 3.2, these calculations will involve mostly diagrams of the general family 



Tij nil 




(3.31) 



n2 m2 



We begin thus by reminding two properties of these diagrams: 
1. they may be separated in two components of the form 



n m 



(3.32) 



A ^ 



^j^-^n+m (y-y')qy 



aq^ + nq^ 



d'^q q^q^e'^y-y'^iy 



(2vr) 



A ^n+m— 1 

a + Kq^ 



aq'' + Kq'^ 

2-K 



cos"" e sm"" e e'^^y-y'^ de] dq 



(3.33) 



where the two last passages are good approximations for very large membranes. 
We remind that A is the upper wave- vector cutoff given by 1/a, where a is a 
microscopical length of the order of the membrane thickness. 

2. the contribution of propagators with an uneven number of slashes - and only 
slashes - vanishes. Indeed, one can easily proof this by remarking that the sum 
over q is symmetrical. Note that this property would not hold if we didn't have 
X = x'. 



3.4.1 Evaluation of Cxx 

Let's begin by calculating 

Cxx{y - y') = {^xx{x, y)S^.^.(x, y')) - {T.^xf ■ (3.34) 

Here we can finally understand how diagrams can simplify this calculation, since 
normally, from eq.(3.20), one should have to evaluate about 7x7 terms like those 
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shown in eq.(3.18), implying ^ 150 terms in total. Diagrammatically, however, many 
terms vanish and other can be simplified, yielding in the end 




(3.35) 

In terms of the Gn,m defined in eq.(3.32), we obtain 

C..(y - yO = y {Glo + Gl,) - an {Gl, - Gl,) - 2aK G,,o (^4,0 + ^2,2) 
^2 

+ y (^0,4 + 3 ^4,0 + ^4,0 ^2,2) + ^2,0 (^6,0 + 2 6^4,2 + ^2,4) • 

(3.36) 

Considering very large membranes and performing the angular integral in eq.(3.33) 
for each Gn,m, eq.(3.36) becomes 



Cxxiy-y') = 0-^ 

+ an 



\ BUY) - y B,o{Y) B2,{Y) + Bl,{Y) 
BUY) - I B,2{Y) 521(F) + 1^ B,o{Y) B,2{Y) 
\ BUY) - y Bos{Y) B,2{Y) + A bUY) 



+ 1^ B,o{Y) BuiY) + ^ BosiY) B2,iY) 



(3.37) 



where Y — \y — y'\ and 



Bij{y) = ksT [ 
Jo 



(3.38) 



dq Jjjqy) 
2-n a + nq^ ' 

with Jj standing for the first kind Bessel function of order i. Note that, as expected 
given the isotropy of the system, C^x depends only on the distance between the 
points. At this point, it is useful to rewrite eq.(3.38): 



BM - ^ A^-^ ^^^^^iM^ = ^ A-^ ^.(Ay) , (3.39) 
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where Bij is dimensionless. To simplify notations, we have omitted the dependence 
of Bij on r, given by 



a a 



r — 



kA? Or ' 



(3.40) 



with Or of the order of the membrane rupture tension. Eq.(3.37) can be rewritten 
as 



Cxx{y - y') 



647rV2 <! 



2 



Ay 



Ay 



(Ay)^ 



^ 1 p2 . o Bo,{AY) B,,{AY) ^ BUAY) 



Eio(Ay)Ei4(Ay) , ^Eo3(Ay)g2i(Ay) 



(Ay)^ 



(Ay)^ 



(3.41) 



where 



<7o 



kA^ 



(3.42) 



was aheady introduced in the last chapter. Note that the terms inside the brackets 
are dimensionless and that C^x depends actually only on ctq, on r and on Ay = 

\y-y'\/a- 

In Fig. (3.2) we can see C^x as a function of Y in units of a for different tensions. 
These curves were normalized by 



^.(0) 



an 



3 + 



1 - 4r + 3r^ In 1 + 



In 1 + 



(3.43) 



which we have obtained analytically from eq.(3.41). 
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Figure 3.2: Plot of the correlation of 'Exx as a function of the distance in units of the 
microscopical length a = (normalized by the auto-correlation given in eq.(3.43)). 
The black Hne stands for r = 1, the dark gray corresponds to r = 10~^ and the light 
gray corresponds to r = 10^^. For k « 25 ksT, it corresponds to = 4 x 10~'^N/m, 
cr = 4 X 10~^ N/m and cr = 4 x 10~^ N/m, respectively. The dashed line shows that in any 
case, the curves are well approximated by the Gaussian e~(^^) 



First of all, we notice that the curves do almost not depend on r - and consequently 
on the tension. Accordingly, the decrease of the correlation is dominated by the 
bending rigidity, which is not evident, since the {T,xx) depends strongly on the ten- 
sion. Secondly, C^x decreases relatively fast: about five times the microscopical 
length a for any tension. At last, in the following we will need to integrate Cxx- It 
will be thus useful to remark that for any tension, it is very well approximated by 

Cxxiy - y') - Cxx{^) e-^^V^ . (3.44) 



3.4.2 Evaluation of Cyx 

Following the same route as in the last section. 



Cyx{y - y') = {^yx{x, y) T.yx{x, y')) (3.45) 
can be written in terms of diagrams as 
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Cyx{y - y') 




(3.46) 

which reads 



Cy:,{y-y') = a2Go,2G'2,o + 2a«: [6-2,1(6-2,1 + 6-0,3) -^0,2(^4,0 + ^2,2)] 

— 2k^ (G^2,i + G^o,3) {Gi,i + G^2,3) + 62,2 (64,0 + 2 62,2 + ^0,4) 



+ 1^ 60,2 (^6,0 + 2 64,2 + 62,4) 



In the thermodynamical hmit, we obtain 



(3.47) 



BU^^l ^io(Ar)^2i(Ay) 

(Ay)2 AY 



2r 



^io(Ar) ^i2(Ay) 
(Ay)2 



+ 



5i2(Ar) 523(Ar) 5o3(Ar) 532(Ar) 52i(Ar) 5i4(Ar) 



Ay 



Ay 



Ay 



^ ^03(Ay)^2i(Ay) ^ ^io(Ay)gi4(Ay) 



(Ay)^ 



(Ay)^ 



(3.48) 



where Y = \y — y'\ and Bij is defined in eq.(3.39). 

At last, we show in Fig. 3.3 the behavior of Cy^ normahzed by the auto-correlation 



CyM 



1 + 



1 + rMn 1 + 



In 1 



1 



(3.49) 



obtained analytically from eq.(3.48). 
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Figure 3.3: Plot of the normalized correlation of the transverse component of the stress 
tensor for different values of r as a function of the distance in units of A~^. The black 
line corresponds to r = 1, dark gray corresponds to r = 10~^ and light gray corresponds 
to r = 10~^. For k 25 ksT, it corresponds to a = 4 x 10~^ N/m, a = 4 x 10^^ N/m and 
cr = 4 X 10~^N/m, respectively. The dashed line shows a rough Gaussian approximation. 

The correlation Cyx is very similar to Cxx, sharing with it three features: 

1. as before, Cyx normalized by the auto-correlation depends only weakly on the 
tension, specially in the regime of low tensions. The shape of the correlation 
is dominated by the bending rigidity; 

2 . Cyx relaxes over approximately five times the microscopical length a; 

3. the same approximation 

Cyxiy - y') ~ Cyx{Q) e-^^^ (3.50) 
holds, although it is less good. 

3.4.3 Evaluation of Czx 

The correlation of the normal component 

Czx{y - y') = {^zx{x, y) ^^^(x, y')) (3.51) 
is the simplest one to evaluate. Diagrammatically, we have 



Czx{y-y') 



— a 



— K 



+ 2aK ■ n il • + 2aK 



-2k^ 



— K 



= -(J^ G2,o + 2an (G4,o + G2,2) - {Gq,o + 2^4,2 + ^2,4) ■ 



(3.52) 
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This time, in the thermodynamical hmit, one can integrate Czx not only over the 
angular coordinate, but also over g, obtaining 



and accordingly 



a.(0) = 87r/3/^ (l + 2r) 



(3.54) 



As we can see in Fig. 3.4, Czx normahzed by Czx{^) has roughly the same be 
features of the former correlations: it does almost not depend on the tension and 
it becomes negligible for distances bigger than 5 a. This time, however, as Czx is 
very simple, directly given by an analytical function. 




Figure 3.4: Plot of the normalized correlation of the normal component of the stress 
tensor for different r as a function of Ay. As before, the black line corresponds to r = 1, 
dark gray corresponds to r = 10~^ and light gray corresponds to r = 10~^ (superposed). 



3.4.4 Summing-up 

Here we sum- up some important results obtained in this section. First, the three 
correlations normalized by it's value aX y = y' share the following features: 

1. the normalized correlation depends only weakly on the tension; 

2. they present roughly a Gaussian behavior. Moreover, Cxx and Cyx are well 
approximated by 



Cxxjy - y') ^ Cyx{y - y') ^ _. 
a.(o) ^,.(0) ^ 

where A"-^ = a is the smallest wave-length cut-off; 



(3.55) 
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3. the correlation is negligible for distances larger than 5 a, which is really small, 
considering a ~ 5 nm. 

Finally, as the dependence on the tension happens mainly through the correlation 
at y = y', it is interesting to plot C^xiO), Cyx{0) and Czx{0), given in eq.(3.43), 
eq.(3.49) and eq.(3.54), respectively, as a function of the tension (see Fig. 3.5). Two 
important features of these curves will be reflected in the force fluctuation: 

1. first, in the three cases, the dependence on the tension is not accentuated, 
implying that one could actually simply neglect from start every diagram pro- 
portional to (T^ and an in the last sections; 

2. secondly, the correlation of the component of the stress tensor normal to the 
membrane Czx is far bigger than the two other contributions, which are com- 
parable among them. 



500 - 



100 

50 h 




10- 



10- 



10" 



10-1 



Figure 3.5: Plot of Cxx^S^) (blue dashed line), Cj^a(0) (red solid line) and C^x(O) (yellow 
dotted line) in units of cq as a function of r = a jor- For the plot of 6*2^(0), we have 
chosen Stt/Jk = 500 as a typical value. 



3.5 Fluctuation of the force 

To obtain square of the force fluctuation in each direction, defined in eqs.(3.8)- 
(3.10), we must integrate the correlation function twice over the cut's length: 



[[ Cxx{y - y') dydy' , 

J J -L/2 

11 Cyx{y - y') dydy' , 

J J -L/2 



-L/2 
L/2 

L/2 



Czxiy - y') dydy' . 



(3.56) 
(3.57) 
(3.58) 
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In the last section, we have seen that the correlations decrease very quickly, with 
a characteristic length of about £ = 5 a ~ 25 nm. Recalling that L is the length 
of the projected cut, it is reasonable thus to assume L ^ £. In Fig. 3.6, we can 
see a graphical representation of the integrals of eqs.(3.56)-(3.58) for the case where 



I 



y = 



k 
2 



y 



L 
2 



Figure 3.6: To obtain the square of the force fluctuation in each direction, one has to 
integrate the correlation function, here represented in purple, from —L/2 to L/2 at each 
point of the cut (domain shown by the blue dashed horizontal line and by the solid red 
line) and then sum all the contributions over the black line. As the correlation function 
decreases quickly compared to the length of the cut, remark that the final result would 
change only minimally if the colored lines where far lengthier. 

In Fig. 3.6, we see that for L ^ i, eqs.(3.56)-(3.58) can be well approximated by 



L 
L 
L 



— oo 
oo 



— oo 
oo 



Cxx{y) dy, 
Cyxiv) dy, 
Czxiv) dy. 



(3.59) 
(3.60) 
(3.61) 



For the two first cases, it is not possible to obtain an analytical equation from the 
exact expression of the correlation (eq.(3.37) and eq.(3.48)). We will thus use the 
Gaussian approximation given in eq.(3.55), yielding 



(A/.) 



(A/, 



(A/. 



57r ■ 



A 
L 

A 



in ■ 



L 
A 



3 + 



1 - 4r + 3rMn 1 + 



1 + 



1287r/3/t L [ al 



3 A yl(^+^'''' 



1 + In 1 + 



In 1 + 



In 1 + 



(3.62) 



(3.63) 
(3.64) 
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Figure 3.7: Plot of Af^ (blue dashed line), Afy (red solid line) and Afz (black dotted 
line) in units of o"o y^L/A as a function of r = a far- In the plot of Afz, we have chosen 
8tt(3k = 500 as a typical value. Note that the Afz is much intenser - the yellow curve 
corresponds to the actual values divided by ten. The shaded green area indicates the 
region where the effects of stretching, which we have neglected, should be important. 



Essentially, with A ^ = a, we can say that 

A/,^A/,oc./?^ (3.65) 

and 

In both cases, the dependence on L/a can be understood by remembering that the 
correlations of the projected stress tensor decreases over a characteristic length of ap- 
proximately 5 a for any component. For a cut of length L, we have thus roughly L/a 
uncorrelated patches of membrane, which with the Central Limit Theorem explains 
the factor ^jL/a. Numerically, each patch contributes approximately k^T/a ~ 
(4 X 10^^^)/(5 X 10~^) N ~ 1 pN for the transverse and parallel components of the 
force fluctuation and ^fk^T^f^ ~ ^{A x IQ-^i x 10-i9)/(5 x 10-^)2 N ~ 4pN for 
the normal component of the fluctuation. 

A remarkable point is the fact that both the transverse A/^ and the parallel 
A/j^ components of the fluctuation depend only on the temperature and on the 
microscopical cutoff a, regardless of the rigidity or tension of the membrane. 



3.6 In a nutshell 

In this chapter, we have evaluated for the first time the fluctuation of the force 
exchanged through a cut of projected length L in a planar membrane. To do so. 
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we have introduced some diagrammatic tools useful in the following chapters. The 
calculation was done in two steps: first, we have evaluated the correlation of some 
elements of the projected stress tensor and after we have integrated them over the 
cut. These correlations present some interesting features: their shape do almost 
not depend on the tension and they decrease very quickly, becoming negligible for 
distances larger than 5 a ~ 25 nm, with a of the order of the membrane thickness. 
For the fluctuation of the force component transverse to the cut, A/^., and parallel 
to it, A/j^, we have obtained the same scaling behavior 



whereas for the component perpendicular to the membrane, A/^, we have obtained 



These equations hold up to a numerical factor of the order of the unity that depends 
very weakly on the tension. Interestingly, the scaling law for A/j, and A/^^ depends 
neither on the bending rigidity. 




(3.67) 




(3.68) 



102 



3.6. IN A NUTSHELL 



Part II 
Vesicles 



103 



Chapter 4 

Quasi-spherical vesicles 



In chapter 1, we have seen that vesicles are widely used in experiments, since 
they are easy to assemble and to manipulate. Vesicles are used both in micropipette 
and adhesion experiments, in which one increases the mechanical tension r by flat- 
tening the membrane's fluctuations and in contour analysis experiments, in which 
one measures r, the large-scale counterpart of the tension cr, through the fluctua- 
tion spectrum. In the chapter 2, we have derived r as a function of a for planar 
membranes, obtaining 



in the limit of large membranes. In this equation, Or = nh? is a tension of the 
order of the rupture tension, A = 1/a, where a is a microscopical cut-off of the order 
of the membrane thickness and ctq = (Tr/(87r^«;). This relation reduces simply to 
T ~ cr — (To for membranes under small tensions (cr < 10~^crr). We do not know, 
however, if eq.(4.1) still holds for vesicles since they have a different geometry and 
they present a supplementary volume constraint. 

In this chapter, we shall thus calculate r from the projected stress tensor for 
the case of quasi-spherical vesicles. We shall examine both the usual case of a 
closed vesicle whose volume is constrained and the case of poked vesicles. We call 
poked vesicles those vesicles that are free to exchange liquid with the outer media. 
Experimentally, it can be achieved by embedding special proteins in the membrane 
or by making holes in it with a micropipette. They can however keep a pressure 
difference with the outer media if the inner/outer fluid contains molecules bigger 
than the holes, so they can not transit across the membrane. 

In particular, we will address the following interesting questions, the flrst three 
having experimental implications while the last question deals with a more theoret- 
ical issue: 

1. What is the difference between r for a quasi-spherical vesicle (closed or poked) 
and r for a planar membrane? Is there a characteristic radius over which they 
coincide, in which case one can simply consider the relation given in eq.(4.1)? 

2. How does the volume constraint affect the expression for r? 




(4.1) 
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3. Can r be negative, in which case the inner pressure of the vesicle would be 
smaller than the outer? 

4. Can T be obtained by differentiating the free-energy with respect to the pro- 
jected area? If so, what does projected area mean in the case of a vesicle? 

Usually, as discussed in chapter 1, one should use the ADE- model Hamiltonian. 
We will however use the simpler Helfrich Hamiltonian, introduced in section 4.1. 
There, this choice will be justified. Following the same reasoning as in section 1.5.2, 
we derive the projected stress tensor for a quasi-spherical geometry in section 4.2. 
In section 4.3.1 we present some averages and correlations for the case of closed 
vesicles, which are used in section 4.3.2 to evaluate Tdosed- The results of the last 
two sections are easily transposed to the case of poked vesicles in section 4.4, where 
we obtain Tpoked- 

Finally, we discuss the first three questions in section 4.5. We show that it 
is justified to use the relation given in eq.(4.1) for quasi-spherical vesicles, closed 
or poked, with a radius bigger than 1 /xm. Besides, the volume constraint seems 
to be unimportant for the dependence of r on a. Experimentally, however, a is 
not measurable. With vesicles, the true control parameter is the area excess, which 
depends considerably more on the volume constraint. We expect thus some difference 
between closed and poked vesicles, specially in the case of small vesicles. Lastly, we 
show that negative values of r are expected well before the transition to oblate shapes 
in both cases, implying that vesicles may support an internal pressure smaller than 
the outer. 

At last, in section 4.6 we shall address the more theoretical question of recovering 
T for closed and poked vesicles by differentiating the free-energy. Differently for the 
case of planar membranes, the sense of the term projected area for a vesicle is not 
clear: it can refer to the area of a sphere with the average radius or the area of a 
sphere of volume V , for instance. In this section, we shall sec that indeed the term 
is not well-defined, since it corresponds to different area depending on whether the 
vesicle is closed or not. 

All calculations and discussions presented here were done with the collaboration 
of Jean-Baptiste Fournier and Alberto Imparato. The main results can be found in 
ref. [5]. 

4.1 Parametrization and effective Hamiltonian 

We consider a quasi-spherical vesicle whose area A and volume V are fixed (for 
closed vesicles). Its shape is parametrized by 

r^R[l + u{9,(t))]er, (4.2) 
where w <C 1 (see Fig. 4.1). For closed vesicles, as in Seifert's work [60], we choose 

1 /3 

the sphere of volume V as the reference sphere, so that R = (|V/7r) . Indeed, in 
experiments, one can control V by lowering the ion concentration of the outer media 
of the vesicle, so it infiates at its maximum. Equivalently, using a micropipette, 
one can apply a large pressure difference through the membrane. In both cases, the 
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excess area is negligible and thus from the optically resolvable shape, one deduces 
V. In the case of poked vesicles, as there are no volume constraints, one cannot 
control V. Instead, one can measure the average radius of the vesicle and deduce 
the average volume of the vesicle. In this case, we choose thus simply the average 
vesicle's shape as the reference sphere, so that {u{9, 0)) = 0. 




Figure 4.1: Parametrization in spherical coordinates of a vesicle (bold line) fluctuating 
around a reference sphere (dashed line). The inset shows the force exchanged through a 
cut that separates region 1 and region 2. 



The area constraint reads 



[ dA, (4.3) 
Js 



with 



dA^\derxd^r\ded(f), (4.4) 
where der = dr/dO, d,f,r = dr/dcf), yielding, in terms of u 



/TT /'27r I 

de J d(j)[l + u{9,(j))]^[l + u{e,(l))f 8111^9 + ul + ulsiii^e. (4.5) 

Here and throughout this section, Ui = du/di, Uij = d'^u/didj, where i,j G {0,4>}. 
Latin indices will denote either 9 or 0, not r. The volume constraint, important for 
closed vesicles, reads 



V^-R^j d9 d(j)[l + u{9,(f))]^sm9. (4.6) 
3 Jo Jo 

As we have seen in section 1.3, the energy of a vesicle is best described by the 
area-difference elasticity (ADE) model. Seifert [60] has however shown that in the 
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quasi-spherical limit, the ADE Hamiltonian was equivalent to the minimal Helfrich 
model, i. e., the spontaneous curvature {SC) model with vanishing spontaneous 
curvature. Hence, we adopt the latter, which corresponds to an effective Hamiltonian 



'H= 2kH'^ dA , (4.7) 



<S 

supplemented by the area and (if necessary) volume constraints given in eqs.(4.5)- 
(4.6). While the volume constraint is quite easy to implement, it is difficult to handle 
the surface constraint exactly [60]. We shall therefore use the traditional approach, 
namely introducing a Lagrange multiplier a playing the role of a tension in order 
to take into account the area constraint. Again, as discussed by Seifert [60], this 
approach gives correct results in the small excess area limit, in which we shall place 
ourselves in the following. The effective Hamiltonian thus reads 



H = I {2kH'^ + a) dA, 
Js 



(4.8) 



with the additional constraint given by eq.(4.6) for closed vesicles. 
From differential geometry, dA is given by eq.(4.4) and 

2bB-cA-aC ^ 
AC-B^ ' 

with A = {derf, B = {dor) ■ (d^r), C = (d^rf, a = n ■ d^r, b = n ■ dgd^r, 
c = n- d'^r, n = {d^r x dff,r)/\d0r x d^r \ being the normal to the surface. Up to the 
second order on u{9, 4>), we have thus 

n= h{u,{ui},{uij})ded(p, (4.10) 
Js 

with [110] [111] 



h = (2k + i?V) sin ^ 

+ 2 sin ^ [R^au — k (u^^ csc^ 9 + uq cot 9 + uee) ] 

+ ^ sin ^ [2R^au^ + {2k + i?V) [u] + -uj csc^ 9) 

+ K (uo cot 9 + u^^ csc^ 9Y + K Uee {ueg + 4-u) 

+ 2k (uee + 21*) {ue cot 9 + u^^ csc^ 9)] + 0{u^) . 



(4.11) 



4.2 Derivation of the stress tensor for a quasi- 
spherical geometry 

Let us consider an infinitesimal cut at constant longitude (0 constant) separating 
a region 1 from a region 2 (sec Fig. 4.1). The normal to the projection of this cut 
onto the reference sphere is m = e^. Analogously to the case of planar membranes 
presented in section 1.5.2, the projected stress tensor S in spherical geometry relates 
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by definition linearly the force dF that region 1 exerts on region 2 to the angular 
length ds = dO of the projection of the cut onto the reference sphere: 

dF = T, ■ mds , 

= (T^e^ eg + T.^^ + T^r^ Br) d6 . (4.12) 

Likewise, for a cut at constant latitude {9 constant), with m = eg and ds = d(p, 
we have 

dF = i:-md(j), 

= {T^gg eg + T^^g e^ + T^re Gr) d4> . (4-13) 

For an oblique cut, dF is obtained by decomposing m along eg and e^. 

The derivation of the projected stress tensor in spherical geometry follows the 
same route as for planar geometry (section 1.5.2). We consider a patch of membrane 
delimited by a closed curve, corresponding to a domain Q on the reference sphere 
enclosed by the curve dQ. The membrane within the patch is assumed to be de- 
formed, at equilibrium, by means of a distribution of surface and boundary forces 
(and a distribution of boundary torques). To each point of this patch, we impose an 
arbitrary displacement 6a = Sar + Sag eg + 6a^ e^ that keeps the orientation of 
the membrane's normal n constant along the boundary, so that the torques produce 
no work (see Fig. 4.2). 




Figure 4.2: On the left we see a patch of quasi-spherical membrane before (shaded shape) 
and after (dashed red shape) the displacement 6a. At right, we show the same displacement 
in the {6, (j), r) space. From this drawing, it is easier to see the relation between 6a, 6u, 60 
and 6(f). 
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On the one hand, the boundary energy variation, after integration by parts, reads 



5%— I rrii 
Jan 

where ds is the arc-length in the {9, (f)) space, h is given by eq.(4.11), m is the normal 
to dQ, and Si G {SO, S(f)} corresponds to the variation of dQ,. On the other hand, the 
work of the force exerted through the boundary reads 



, f dh ^ dh 

"''^^ + ^ — 

\OUi duij 



Su 



dh 
duij 



Sui 



ds , 



(4.14) 



Sn^ [ Sa-'S- mds. (4.15) 

By comparing eqs.(4.14) and (4.15), one can obtain S. Accordingly, one has to 

derive SO, S(f), Su, Sug and Su^j, in terms of Sa. The first three can be obtained by 
identifying the new membrane's shape u = u + Su with the translation of the old 
one: R[l + u{0 + SO,(l) + S(j))]er{0 + SO,(p + S(p) = R[l + u{0,(p)]er + Sa (see Fig. 4.2). 
This leads to 



Sttr — R{uqS9 -\- u^S(t) -\- Su) , (4-16) 
Sae = R{l + u)S9, (4.17) 
Sa^ = R{l + u)sin9S^. (4.18) 



Let Sn = h{9 + 5^, + 50) — ti{0, d) be the variation of the normal, where n is 
the normal to the shape defined by u{0, 0) and n = tg x t^/\tg x t^\, with ti = dir. 
The variation of the normal vanishes (implying no work of the torques) ii Sn ■ tg = 
and Sn-t^ — over the border, yielding 



Sue 



= Y^{^^ [(1 + m)2 + 2^2 - (1 + „) ugg] 

+ ^— :\il^-u) ua, cos 9 — il^-u)ue6sni 9 
sm^ 

+ 2u^ug sin 9] + Suug^ , 



Sua, = 



(4.19) 



lS9 [(1 + u) Ufj^COt 9 + 2ugU^ 

(1 + u) ug^] + S(f) [{1 + uf sin^ 9 + 2ul 

(1 + u){ug cos 9 sm9 + x*,/,,/,)] + 5mm</,| . (4.20) 



These equations, combined with eqs.(4.16)-(4.18), allow us to write Sug and Su^f 
in terms of Sa. Up to order u^, we obtain 
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Se = ^(1-^ + ^2), (4.21) 

5u — —[Sttr — {1 — u) {5a^u^csc6 + daeUe)] , (4.23) 
R 

Sue = -^I^Sttr {1 - u) U0 + 5a0 [l + ul - {1 - u) uee] 
+ 6a^ CSC 9 [«</,[(! - u) cot 9 + ue] - {I - u) ue<j] | , 



= ■^^8a0[u^[{l - u) coi9 ^ Ue]- {I - u) 



(4.24) 



+ (1 — xi) + 5a</,csc^[sin^ ^ + 

- (1 - m) (m00 + Ue cos6'sm6')] I . (4-25) 

These expressions are to be inserted into eq.(4.14). Note that it is necessary to 
expand h up to 0{v?) in order to obtain dh/dui and dh/duij consistently at 0{u?) 
in eq.(4.14). This means adding 



hz — — K sin 9 [a csc'^ 9 UfpUeUOfj, + 2ulu00 

— 2-u| csc^ 9 {u(f,(f, csc^ 9 — ug cot 9) 

+ u [ulo + ul (2 + cot^ 9) + 2ul csc^ 9 + csc^ 9 

+ 2 Me cot 9 + 2ue u^^ csc^ ^ cot 9 uee u^^ csc^ ^] 

+ 2^^ (-Uee + Ue cot 6' + ti,^,/, csc^ 9) } (4.26) 

to eq.(4.11) before calculating the derivatives. Finally, comparing eq.(4.14) and 
eq.(4.15), we obtain 

Y.ee = ^ sin ^(2 + 2m + mJcsc2^-m^) 

[m^^ csc^ 9 - ulg sin 9 + 2ue {ug^^ esc 6* + uggg sin 61)] 

CSC 9 [2u^ — ul cos^ 9 — 2u^^ {1 + ug cot 9) + 4m (m^^ — ugg sin^ 6*)] 

+2ac [uee (sin 9 + ue cos ^) + (2m — 1) m^ cos 9] | , 

(4.27) 



Ti^e — —Rcrueu^ + — {2ue(j, — u^ cot ^) + — ( 4m m^ cot 9 — u^ u^^ cot 9 csc^ ^ 
+ ugu^ - 4m uoct> - u^^ ue4> csc^ 9 -Ue m^^ cot 61 + m^ m^,/,^ csc^ 9 
+ 2m<^ Mee cot 9 - uect> Uee + ueee^ , (4.28) 
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K 



— Ra sin Ouq — — 
R 



(1 — 2u) uq (2 sin 9 — esc 9) + uqo cos 9 — 2u^^ cot 9 esc 9 



+ 



esc 9 + ugQo sin 6' 



2m^ cot 6' esc 9 — Un cos 6' + 4m cot 6' esc 9 



2u U0Q cos 9 — 2u uq^^ esc 9 — 2u ugge sin ^ + 1^^^ li^/ esc 9 — 3ug uqq sin , 

(4.29) 



i?V {2 + 2u- ul esc^ ^ + uf) 











+ 


4- 


+ 


KCSC 


+ 


2n{l 



u. 



(3 sin^ — l) + (1 — U0 cot 9 — 2u 



+ 2k{1 — 2u)ue cot 9 — 2k{1 — 2u)u0g + 2ku^ uo^f, esc^ 9 cot 9^ , 



— —Ra esc 9 ugu^ + 



K CSC 9 

R 



(4.30) 

(ii<^ cot 9 — uq^) (-2 + 4ii + uee + li,/,,/, csc^ ^) 



+ UqU^ (l + CSC^ ^) + Uq csc^ ^ + 



(4.31) 



CSC 9 



U(f) {R?a — 2k-\- Aku + 2>u^^ csc^ 9 + 2>ue cot 6* — uee) 



k{1- 2u) [ug^ cot 9 + Wee,/, + li,/,,/,,/, csc^ 9) j . 



(4.32) 



These expressions are valid up to 0{u^). A verification of tliese results is pre- 
sented in appendix E. 

4.3 Closed vesicles 

In this section we shall derive the effective tension for closed vesicles, Tdosed, 
using the stress tensor and the free-energy. As these results are readily transposable 
to the case of poked vesicles, we shall present here a more detailed account of our 
derivations. 

4.3.1 Thermal averages and correlations for closed vesicles 

In order to calculate the effective tension, we will see in section 4.3.2 that we 
need to evaluate the thermal average of Heg. To this aim, we do the standard 
decomposition of u{9,(t)) in spherical harmonics [60] [110] [111] 



u{9A) 



(4.33) 
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with Ui^^rn = (-l)"'«Fm 



L I 



E = EE 

u! 1=2 m=—l 



(4.34) 



where L is a high wave- vector cutoff (see discussion on the following). Note that the 
modes / = 1, which correspond to simple translations, are discarded. 

In terms of ui^rn a-nd up to order u^, eq.(4.5) and eq.(4.6) take the form, respec- 
tively. 



A = 47r 1 + 



Uo,o 



1 + 



/(/ + !) 



and 



(4.35) 



47r / Mo,o 

3 V 

4^d3 



+E 



(4.36) 



The volume constraint V = ■^'kR? (recall the definition of R for closed vesicles) 
implies therefore [60] 



-y 



(4.37) 



With the help of the relation 



cot^ 



de 



+ csc^ 9 ■ 



8(1)'^ 



i{i+i)Yr, 



(4.38) 



using eq.(4.37) and integrating over 9 and 0, the Hamiltonian for closed vesicles in 
terms of ui^^ is given by [60] 



^closed = 47ri?V + I^'-^^I' + ^(^') ' 



(4.39) 



where 



Here 



Hi^k{1-1){1 + 2) + l + a) 



(4.40) 



a — 



(4.41) 



is the reduced tension. Note that we have discarded in "Hciosed a constant energy 
term, Sttk. 

We emphasize that negative values of a are allowed [60]. Indeed, the minimum 
of the Hamiltonian "Hciosed given in eq.(4.39) corresponds for a > —6 to a perfectly 
spherical vesicle {ui^m = 0, V/ > 2). The mean- field transition to an oblate shape 
occurs thus at ex = —6 (non harmonic terms being then needed to stabilize the 
system) . 
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Standard statistical mechanics yields (M;,m) = 0, V/ 7^ and 

{ui,mUl',m') = Si^v Sm,-m' , (4-42) 

Hi 

where ksT is the temperature in energy units. 

We may now calculate the fluctuation amplitudes. Using eq.(4.42) and the Ad- 
dition Theorem for spherical harmonics: 

^ 2/ -t- 1 

j2yrio,<i^)yrio,<p)^^, (4.43) 



we obtain 



/ \ (""0,0) 1 V^/l |2\ 



L 



Att ^ H, 

1=2 « 

K) = sin^.^f (4.46) 
^ At: 2Hi 

The correlations of the other derivatives of u are given in appendix F. Note that 
(u) is negative and that (u) = —{u"^), which shows how the temperature-dependent 
fluctuations affect the mean shape. 



Cutoff 

The large wavenumber cutoff L should be related to the smallest wave vector 
allowed, A fa a"^, where a is a length comparable to the membrane thickness (i.e., 
tt/A of the order of a few times a). With spherical harmonics, however, this is not 
easy to implement. The requirement that we should recover the planar limit for 
large values of R will guide us. 

For a square patch of fluctuating flat membrane with reference area Ap and 
periodic boundary conditions, the wave vectors are quantified according to q = 
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l-n I \fAp{nx^ny)^ where rtx and Uy are integers and \q\ < A. The number of modes 
is then approximately ttA^/ (27r/-\/]4^)^ and the number of modes per unit area is 

^Vmodes..A ^^^^^^ 



Ap An 



For a vesicle, we have 

-^modes 

Asking that the number of degrees of freedom per unit area (per lipid, in some sense) 
be the same in both cases, we require these two quantities to be equal. Hence we 
get 

(L + 3)(L- 1) = A2i?^ (4.50) 



which gives L = |_V4 + i^^A^ — Ij (|_a;J is the integer part of x). In the limit i? ^ A ^, 
this gives simply L ~ AR. 

Validity of the Gaussian approximation 

Since our calculations are limited to 0{u^), we should check, in principle, that 
higher order terms are neghgible. In practice this not feasible. To check the smallness 
of u (which is especially critical in the case cr < 0) we propose a necessary, but not 
sufficient condition, requiring: 



2^ _ fcBr^2/ + l _ faT^ 21 + 1 

^ - 47r ^ - Ann ^^{l + 2){l- + / + a) - ""-^ " ^^"^'^ 

In the following, we shall take 

C/max = 5%. (4.52) 

Note that the presence of the factor (/^ + / + a) in the denominator of eq.(4.51), 
together with the condition I > 2, implies a e [—6, oo[, as already discussed. 

Solving condition (4.51) for the typical values A~^ ~ 5nm, k — 2hk-QT, and 
taking t/max = 0.05, we find 

^ > ^min ~ -4 , (4.53) 

almost independently of R. It follows that for closed vesicles, negative tensions a 
are in fact within the validity range of our Gaussian approximation. However, a 
negative cr does not imply, in principle, negative effective tensions r. 
In experiments, the actual control parameter is the excess area 

a = (4.54) 
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The average of eq.(4.35) for closed vesicles up to order two yields 



{A) = R'{4n + 87r^^ + J2 



E 



1 + 



/(/ + !) 



k^TR^ ^ (/ + 2)(/- 1) 



(4.55) 
(4.56) 



Consequently, taking Ap = AttR"^ (the area of the vesicle with volume V), one obtains 



_kBT^ 21 + 1 
enclosed "3 / J 75 ; J ; ~ 

1=2 



(4.57) 



Our validity condition (4.53) implies adosed < ^max (c^max corresponding to a for 
a = — 4), with Omax shown in Fig. 4.3. One can see that amax ~ ci + C2 ln_R, where 
ci and C2 are constants. Indeed, the sum in eq.(4.57) is dominated by the modes 
/ = 2 and / = 3, the rest of the sum being well approximated for a = 0{1) by an 
integral proportional to ln(i?). Note that if one takes Ap = 47ri?^(l + (m))^ (the area 
associated to the average radius) one obtains ctmax just slightly bigger (see Fig. 4.3). 



2.5 I- 




R [mill 



mo 



Figure 4.3: The solid line represents the maximum excess area corresponding to = 
0.05 for closed vesicles taking Ap the area of the sphere of volume V, which we take as the 
validity criterion of our Gaussian approximation. The dashed line shows the maximum 
excess area for closed vesicles taking Ap the area associated to the average radius. In 
abscissa is the vesicle's radius. Here, A~^ ~ 5nm and k = 25kBT. 



4.3.2 Evaluation of Tdosed from the projected stress tensor 

Imagine replacing the fluctuating vesicle by a shell coinciding with its average 
shape (see Fig. 4.4(a)). 

116 4.3. CLOSED VESICLES 



CHAPTER 4. QUASI-SPHERICAL VESICLES 



R sin 9 d<j) 





(a) The vesicle fluc- 
tuates around the av- 
erage shaded spherical 
shell. The dashed line 
represents the reference 
sphere. Note that (u) is 
negative. 



(b) Force exchanged 
through an infinitesimal 
cut at constant. The 
length of the projected cut 
is RaiTi9d(j), while the true 
length of the membrane is 
indicated in red. 



Figure 4.4: The vesicle is represented by a solid thick line, while the reference sphere is 
represented in with a dashed line. 



The effective tension r is the average force per unit length that is exchanged 
tangentially to the shell's surface. Because of the spherical symmetry, r depends 
neither on the point {6, 0) nor in the direction in which it is calculated. Let us thus 
consider an infinitesimal cut with 6 constant of extension d(f). The component along 
ee of the force exchanged through the cut is on average df = {T^qq dcj)). The length 
of the cut is on average {R{1 + u) sm.9 dcf)). Hence, 



/?sin^(l+ {u)) 
Since Egg = aRsmO + 0{u), we obtain equivalently 



(4.5^ 



^ = ^-^(^^^) - ^(") + ^(«') • (4-59) 
rt sm u 

Using eq.(4.27), the results presented in section 4.3.1 and in appendix F, we obtain 
for closed vesicles 



k^TK ^ (/ + 2)(/ + l)/(/-l)(2/ + l) 

Tclosed = ^-^Z. 5 ' (4-60) 

k^T ^ /(/ + 1)(2/ + 1) 

Note that the terms on (u) vanish and, as expected, Tdosed is independent of the 
point {6, 0) in which it is calculated. It is interesting to examine Tdosed in the limit 
of large vesicles. In this case, the sum on eq.(4.61) may be substituted by an integral: 
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RA 



{1 + 1)1(21 + 1) 
P + l + a 



^closed 




The dominant term in eq.(4.62) correctly matches the difference r — a for flat mem- 
branes given in chapter 2, eq.(2.10). 

We have also calculated the normal and orthogonal components of the tension. 
Both vanish: (S^e) = and (S^g) = 0. While the latter result is obvious on symme- 
try grounds, the former one is interesting, implying that the shell mentioned above 
can indeed be considered as a purely tense surface. This would probably not hold 
for a vesicle with non-spherical average shape. As a consequence, the Laplace law 
can be used without curvature corrections for a fluctuating quasi-spherical vesicle, 
provided that one uses r instead of a. Indeed, this could be expected from renor- 
malization arguments, since the Laplace law is exact (despite the curvature energy) 
for a perfectly spherical membrane [74]. 



The route to obtain Tpoked is the same as with a closed vesicle, with some minor 
changes. We remind that the reference sphere in poked vesicles is the sphere where 
(u) — 0, since there is no constraint on volume. Accordingly, instead of eq.(4.37), 
we have simply uo,o — 0. The Hamiltonian in the Gaussian approximation becomes 



where H'l = Hi + Ana [72]. The correlations given in section 4.3.1 and in appendix F 
remain correct, provided one replaces Hi by Hi + Ana. Note that (v?) ^ (u) = 
here and that, differently from the case of closed vesicles, one must have a e [— 3, oo[ 
in order to assure that correlations are positive. The discussion about the cutoff 
of section 4.3.1 remains valid for poked vesicles and the validity condition for the 
Gaussian approximation given in eq.(4.51) becomes 



With the same f/max = 5% as before, we have (Xmin ~ —2 for poked vesicles. The 
average area is given by eq.(4.56) with (mo,o) = 0, yielding 



4.4 Poked vesicles 




(4.63) 




(4.64) 




(4.65) 



Consequently, 
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Fig. 4.5 shows Omax, i- e., ctpoked with a = —2, as a function of the vesicle's radius. 
The excess area is somewhat larger than in the case of closed vesicles, but the general 
behavior is the same. 




100 200 



500 1000 2000 



5000 



R [nm] 



Figure 4.5: The blue line stands for the maximum excess area corresponding to \/(v?) = 
0.05 for poked vesicles, while the red dashed line stands closed vesicles. In abscissa is the 
vesicle's radius. Here, A~^ ~ 5nm and k, = 25 ksT. 



Eq.(4.60), which gives rdosed by the stress tensor method, is valid whatever the 
form of Hi, since r bears no term on u. Hence, we need just to replace Hi by 
Hi + Ana, which yields: 

ksT A /(/ + !) (2/ + 1) 

1=2 ^ ^ " ^ {l~l){l+2) 

In the limit of large vesicles, we recover again the result for flat membranes. 



4.5 Discussion on r for closed and poked vesicles 

We show in Fig. 4.6 the behavior of a — r as a function of the Lagrange multiplier 
a for closed and poked vesicles, as well as the limiting case of planar membranes. 
First of all, although eqs.(4.67) and (4.61) differ mathematically, it turns out that 
their difference as a function of a is numerically irrelevant (see Fig. 4.6). Indeed the 
extra term 4ct/[(/ — 1)(/ + 2)] in the denominator of eq.(4.67) is only important for 
small /'s, while the sum is dominated by large /'s. 
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Figure 4.6: Difference between the Lagrange multiplier a and the effective mechanical 
tension r as a function of a for k = 10~^^ J, k^T = 4 x 10~^^ J and A~^ = 5nm. The 
colored solid lines correspond to closed vesicles of i? = 50 nm (blue) and R = 0.5 fj,m (red), 
whereas the corresponding colored dashed lines represent the results for a poked vesicle. 
The end-points indicate the limit beyond which our Gaussian approximation is no longer 
valid according to section 4.3.1 (circles) or according to the discussion in section 4.4 (stars). 
The thick gray line corresponds to a flat membrane (eq.(4.62)). 



This representation is however not very useful, since a is not a control parameter. 
The most physical representation is shown in Fig. 4.7, where we see the behavior of 
r as a function of the excess area a. We show also the limiting case i? — )■ oo. In this 
case, the relation between a and a is analytical and given in eq.(2.71). In the limit 
of large membranes, we obtain 



Applying this result to eq.(4.1), we obtain an analytical expression for r as a function 
of the area excess, given by 



For vesicles, a given in eq.(4.57) (or in eq.(4.66)) is numerically inverted in order to 
obtain a{a). The result is then applied to eq.(4.61) (respectively, eq.(4.67)), yielding 
the curves of Fig 4.7. 




(4.69) 
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a {%) 



-10 



Figure 4.7: Effective mechanical tension r as a function of the excess area a for k = 
10^^^ J, k^T = 4 X 10^^^ J and A^^ = 5nm. The colored solid lines correspond to closed 
vesicles of i? = 50 nm (blue leftmost curves), R = 0.5 fim (red central curves) and i? = 5 fim 
(green rightmost curves), while the corresponding dotted lines represent Tpoked- The end- 
points/stars indicate the limit beyond which our Gaussian approximation is no longer 
valid. The gray dashed line corresponds to the flat membrane limit given in eq.(4.69). 



There are several salient points: 



1. Even though Tdosed and Tpoked are almost indistinguishable as a function of 
0", ttciosed and Opoked preseut different dependences in terms of a, as shown 
in Fig. 4.8, especially for small values of R. This indicates that the volume 
constraint affects mainly the excess area and explains the differences shown in 
Fig. 4.7. 
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a(%) 




10"^ 10"^ 10-^ 10-^ 10-3 10-2 



Figure 4.8: Solid/dashed lines stand for the excess area for closed/poked vesicles for 
R = 50 nm (blue lower curves), R = 0.5 fim (red central curves) and R = 5 fim (green upper 
curves). The limit of large planar membranes is shown in gray. Curves for k, = 10~^^ J, 
ksT = 4 X 10~2i J and A'^ = 5 nm. 



2. The results for r deviate from the fiat limit {R — oo) essentially for R < Ifim 
for both closed and poked vesicles (see Fig. 4.7). Consequently, for GUVs, 
one is allowed to use simply the relation given in eq.(4.1). Moreover, for small 
tensions, it is justified to assume r ~ cr — do, justifying the assumptions made 
on [87] and presented in section 2.5.2. 

3. Negative and quite large values of r are indeed accessible within the vahdity 
range of our Gaussian analysis in both cases (see Fig. 4.9). 



^min (N/m) 




-5 X 10"^ 
-1 X 10-=* 
-1.5 X 10-3 
-2 X 10-3 



R (nm) 



100 200 500 1000 2000 5000 

Figure 4.9: Largest negative tension within our validity condition (for Umax = 5%) as a 
function of the vesicle's radius for k = 10^^^ J, k^T = 4 x 10^^^ J and A^^ = 5nm. The 
violet dashed line stands for closed vesicles, while the blue dotted one stands for poked 
vesicles. The green solid line represents the smallest value of r for the limit of large planar 
membranes. 
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From Fig. 4.9, we note that the biggest negative tension Tmin that GUVs (with 
R > l/^m) may sustain coincide with the biggest negative tension that large 
planar membranes sustain: 



r.in = -^^. (4.70) 

Depending on the uncertainty on the value of the cutoff, Tmin may be of order 
-10-^N/m or -IQ-^N/m. 

Let's recall the Young-Laplace equation 



AP = Pinner - Pouter = ^ + ^ (^-^l) 

where Pmncr/outcr IS, rcspcctlvcly, the inner and the outer pressure of the vesicle. 
Pi and P2 are the two principal radii (Pi = P2 in the spherical case). As our 
analysis shows that r may indeed become negative, this would imply that 
vesicles could sustain an inner pressure lower than the outer pressure. For 
liquid drops, this situation is impossible, since the surface tension is a true 
material constant always positive. 

The possibility to sustain negative tensions, or negative pressure differences, 
might be experimentally investigated: i) by controlling the outer osmotic pres- 
sure, in the case of small vesicles, or ii) by poking a giant vesicle with a mi- 
cropipette to which it would adhere and gently decreasing its inner pressure. 

4. r has a plateau at large values of a for both closed and poked vesicles, which 
probably corresponds to the actual transition to oblate shapes: when r reaches 
a critical value Tc < 0, the excess area rises dramatically. For small closed 
vesicles we find roughly TcB? / k ^ while for giant closed vesicles it is given 
by Tc — —k^TA'^/^Sn), i. e., below the mean-field threshold (see discussion 
after eq.(4.41)). The high symmetry phase (spherical vesicle) is thus stabilized 
by its entropic fluctuations, as one might have expected. 

Experimentally, this transition might be tested by controlling the pressure 
outside the vesicle. Indeed, applying the Young-Laplace pressure formula given 
in eq.(4.71) for a vesicle of radius R and at Tc, we find that the critical pressure 
difference yielding the shape transition is APc ^ — sup[10/«/P^, kBTA'^/ (47rP)] . 
Numerically, for a closed spherical vesicle with k = 25 k^T, T — 300 K and 
A = (1/5 nm), we find APc = — 8 x 10^ Pa and APc = —25 Pa, for vesicles 
with radius 50 nm and 5 /xm, respectively. 

5. There exists a well defined excess area cto corresponding to a vanishing lateral 
tension r = (see Fig. 4.10). This corresponds to the case where the pressure 
difference between the inner and the outer media vanishes. Its value is very 
much radius dependent for P < 1 /xm, but one recovers for P > 2 iim the flat 
membrane limit given in eq.(2.76). 



4.5. DISCUSSION ON r FOR CLOSED AND POKED VESICLES 



123 



CHAPTER 4. QUASI-SPHERICAL VESICLES 



a(%) 




0.4 - 
0.2 - 

: \ \ I , I , , , , \ , , I R[nm] 

100 200 500 1000 2000 5000 

Figure 4.10: Spontaneous excess area uq, corresponding to r = 0, as a function of the 
vesicle radius for closed (blue dashed line) and poked (red solid line) vesicles. The dotted 
horizontal line gives the flat membrane limit. The material parameters are the same as in 
Fig. 4.7. 



4.6 Derivation of r using the free-energy 

For a flat membrane, one may also obtain r by differentiating the free-energy 
with respect to the projected area Ap, as we have shown in section 2.2 [72], [2], [3], 
but there are two pitfalls. One must: i) take the thermodynamic limit Ap ^ oo 
only after the differentiation, and ii) introduce a variation of the cutoff in order that 
the total number of modes remains constant during the differentiation, as discussed 
in [3]. 

Let us investigate the free-energy method in the case of quasi-spherical vesicles. 
The free-energy, J-", is given by 

= -^lnjv[r]e~^^, (4.72) 

the integral running over all the conflgurations of the vesicle. At the Gaussian level 
and for closed vesicles, "H is given in terms of spherical harmonics by eq.(4.39), and 
since r = Rcr + Ru{6, 0) e^, we may write (in agreement with ref. [60]): 



= n ( ri ^^"?-) ( n Rduijj , (4.73) 

1=2 \m=0 J \m=l J 

where the superscripts TZ and X signify real part and imaginary part, respectively. 
This measure corresponds to the so-called normal gauge, which is known to be 
correct for small fluctuations [60] . We note that the radius R of the reference sphere 
appears explicitly and that for each value of /, only half of the allowed values of m 
have to be considered, as r is real. Performing the Gaussian integrals, one obtains 

T = 4.R^a + k,T !i±i In f^iV (4.74) 
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In order to obtain Tdosed, we must differentiate T with respect to the vesicle's 
"projected area" Ap. Which one, however? The area Ay = AttR'^ of the reference 
sphere (i.e., the sphere having the same volume as the vesicle's), or the area of the 
vesicle's average shape, defined as A^ — 47r(i?(l + it))^? It will turn out that the 
former choice is the correct one. In a sense, this is natural because it corresponds 
to our parametrization. However, it is not that obvious, because the definition of 
^closed in eq.(4.58) involves the area of the average vesicle's shape. 

Let us thus pick Ap = Ay = 4:7iR^. It is worth noticing that Hi depends on Ap 
only through a — aB? / k, yielding 

|^ = (Z-l)(Z + 2)a. (4.75) 

With this choice: 

_ _ J_d^ 



we obtain 



ksT " /(/ + 1)(2/ + 1) 

1=2 

which is identical to the result obtained from the stress tensor approach, eq.(4.61). 
How about the pitfalls mentioned above? First, we didn't take the thermodynamic 
limit before differentiating. Actually, this would not be problematic, since the quan- 
tification of the modes does not involve the size of the system, hke it is the case for 
planar membranes. Second, we have kept L (hence the number of modes) constant 
during the differentiation, in agreement with the fact that L — [-\/4 + R^A^ — Ij is 
constant for a mathematically infinitesimal change of R. 

We may obtain a more intrinsic expression for Tdosed- With (A) = Ap{l + a), 
and A^modes = Yla=2i'^^ + 1), we may rewrite Tdosed as 

k T 

Tdosed Ap = (A) (7 ^A^modes ■ (4.78) 

The quickest way to obtain this result is to keep separate, when differentiating with 
respect to R^, the two terms coming from ln(^/) and \n{l/I^) in eq.(4.74). The 
interpretation of this equation is not straightforward, because i^k^T is the internal 
energy per mode (not the free-energy per mode). Note that the same form for t is 
also valid in the planar shown in [3]. 

In addition, let's see what happens if we take Ap = Am = 47ri?2(l + {u))^: 

^'- = ^p = dAy\jAy) ^'-''^ 

where we remind Ay — 4:7: R"^. Using (u) — —{v?), one obtains 

dA„, \ 1 



dAy J 1 - (u^) 



1 + {u') + Oiw^) . (4.80) 
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Clearly, differentiating with respect to Am yields supplemental terms of order -u^ 
The result is thus wrong, in the sense that it differs from the result obtained by the 
stress tensor method. 

Let's now re-derive eq.(4.67) by deriving the free-energy. In the case of poked 
vesicles, it is given by the same expression as eq.(4.74) with Hi replaced by Hi: 

T' = 4.i?V + ^ In (^-§^ . (4.81) 

It turns out, again, that Tpokcd = dT' /d{A7iR'^) exactly. This result is satisfying, but 
at the same time it shows how slippery the free-energy approach can be: differenti- 
ating with respect to the area of the average vesicle is correct in the case of poked 
vesicles but not in the case of closed vesicles. The stress tensor method is thus a 
much safer. 

Our expression for Tpokcd differs from that obtained in ref. [72] , where the authors 
considered also a quasi-spherical membrane without volume constraint. In particu- 
lar, the mechanical tension obtained in that reference cannot take negative values. 
We believe that the discrepancy between the two results comes from the omission in 
ref. [72] of the factors R within the measure. Indeed the factor in the logarithm 
of our eq.(4.81) is absent in the corresponding expression (A. 9) of ref. [72]. 



4.7 In a nutshell 

In this chapter, we have compared the mechanical tension r one applies by as- 
piring a vesicle with a micropipette, for instance, with the tension a theoretically 
introduced in the Hamiltonian to fix the membrane's area in the case of quasi- 
spherical vesicles. We have studied both the case of usual closed vesicles and the 
case of poked vesicles, free to exchange liquid with the outer media. We conclude 
that in both cases, for GUVs, the relation between r and a is very well approxi- 
mated by the relation obtained in the case of planar membranes, given in eq.(4.1). 
Accordingly, for GUVs under small tensions, we can assume simply r ~ cr — ctq, as 
in the case of planar membranes. Moreover, in both cases, we predict the possibility 
of an internal pressure smaller than the outer, situation impossible in the case of 
liquid drops. Regarding comparatively the behavior of closed and poked vesicles, we 
expect the excess area of both to differ for small vesicles. At last, we have shown 
that the concept of projected area for vesicles is not clear. Thus, we conclude that 
it is much safer to derive r by averaging the projected stress tensor. 
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Chapter 5 



Force needed to extract a 
fluctuating nanotube 



In this and in the following chapter, we shall study the membrane nanotubes 
presented in section 1.4.4. The main results of both chapters were obtained with 
Jean-Baptiste Fournier and were published in [6]. As we have seen, these tubes are 
very thin, with a radius ranging from dozens up to hundreds of nanometers, while 
their length may achieve micrometers. They are very current in living cells and seem 
to play an important role in cell transport and communication [92]. 

In laboratory, nanotubes can be extracted by applying very localized forces to 
membranes. In Fig. 1.36 of chapter 1, we have presented a brief sum-up of the 
more popular methods used to extract nanotubes. Here we interest ourselves in the 
force needed to extract (and hold) these tubes, which can be precisely measured in 
experiments using optical tweezer. The experimental procedure in this case consists 
in attaching a small glass bead to a vesicle held by a micropipette [96], [100]. A laser 
is pointed to the glass bead, which is thus attracted to the center of the beam with 
a force that depends linearly on the distance between the bead and the center of the 
beam. In experiments, one displaces the position of the center of the beam, denoted 
^^trap, while measuring the position x of the bead, as shown in Fig. 5.1. One then 
deduces the applied force through / = —ktra.p{x — a^trap), where fctrap is a constant 
that characterizes the stiffness of the optical trap. 



Figure 5.1: Extraction of nanotubes using optical tweezers. The laser beam, represented 
in red, traps the glass bead attached to the membrane (in blue). The laser is then displaced 
and a tube is pulled. By controlling the position of the center of the laser beam xtrap and 
of the bead x, one deduces the applied force in the direction of the extracted tube. 



Remark that usually, as in the case of Fig. 5.1, one measures only the force in the axis 
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of the tube, which is by symmetry the only component with non-vanishing average. 
Note also that nanotubes are not stable: if one stops applying the point force, the 
membrane will evolve to a less curve configuration and the tube will be re-absorbed 
in the vesicle. 

Former theoretical works studied both the formation mechanism of nanotubes [102], 
[112] and their (dynamical) stability [113], [114], [115]. As nanotubes are very thin 
compared to the GUVs from which they are usually pulled, it is usually assumed that 
the vesicle acts as a lipid reservoir to the tube. In this discussed in refs. [102] 

and [112], one can neglect the pressure difference across the tube. The effective en- 
ergy l-L' is thus simply given by the Helfrich Hamiltonian (eq.(1.15)) plus the work 
of the force that keeps the tube. For a symmetrical membrane, i. e., a membrane 
whose spontaneous curvature vanishes, the energy for a perfectly cylindrical tube 
with radius R and length L is [102] 

'^'-{^ + <^)^^RL-fL. (5.1) 

where k is the bending rigidity and a is the Lagrange multiplier associated to the 
microscopical area of the membrane, which we remind is not directly measurable. 
The energy coming from the Gaussian curvature is omitted, since we do not consider 
topological changes. Minimizing this energy with respect to R and L, one obtains, 
respectively 




and 



/o = 27r\/2^. (5.3) 

These values correspond to the mean-field values of the radius and of the force needed 
to hold a tube, in the sense that thermal fluctuations relatives to the cylindrical shape 
were totally neglected. 

At first glance, one may think that neglecting the effects of thermal fluctuations 
is largely justified, since it is a reasonable assumption for planar membranes: as 
the correlation length is oc a~^^^, fluctuations are quickly suppressed as the tension 
increases [112]. Recently, however, it has been shown that the tubular geometry 
implied a substantially different behavior: tubes should present very strong shape 
fluctuations due to a one- dimensional set of extremely soft modes (Goldstone modes, 
see Fig. 5.2) [7]. 
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Figure 5.2: The first soft, Goldstone modes [7]. 



Accordingly, it is natural to ask how the average force along the tube's axis /, taking 
into account its fluctuations, differs from the mean- field value /q. It is our aim this 
chapter to settle this question. To do so, we follow roughly the same steps as in 
the last chapter, starting by introducing the parametrization and the energy in 5.1. 
Afterwards, we shall derive the projected stress tensor for quasi- cylindrical geometry 
in section 5.2. As this calculation is totally new, we propose some verifications in 
the same section. In section 5.3, we average the stress tensor and evaluate /. At 
last, in section 5.4, we compare / with /q and discuss in which cases one is allowed 
to assume / ~ /q. There we discuss also experimental consequences and re-interpret 
the curve shown in Fig. 1.37. 



5.1 Parametrization and Hamiltonian 

We shall restrict our attention to deformed tubes weakly departing from the 
cylinder corresponding the mean-field approximation whose radius, as we have shown 
above, is given by 



Let's consider a cylindrical coordinate system (O; r, 9, z) aligned with the tube 
(see Fig. 5.3). 




(5.4) 
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Figure 5.3: Parametrization of the fluctuating tube (thick hne). The thin soHd hne 
represents the reference cyhnder with radius Rq. 



The shape of the fluctuating tube is parametrized by 



r(p, z) = Ro[l + u{p, z)] Brip) + ze. 



(5.5) 



with u ^ 1 and z G [0, L], where L is the total length of the tube. Note that instead 
of 9, we have used p = Rq9 & [0,27ri?o]) in order to have u as a function of two 
variables with the same dimension. 

We shall consider the situation of a relatively short tubule extracted from a 
giant vesicle of radius i?vcs ^ Rq (or from a vesicle connected to a lipid reservoir), 
so that each monolayer of the tubule is actually exchanging material with a very 
large reservoir and the standard Helfrich model (see section 1.3) is sufficient for 
the calculation of equilibrium and statistical properties [102], [112]. As we do not 
consider topology changes, the Hamiltonian is simply given by 



dA 



(5.6) 



where 5* is the tube's surface. Note that taking into account the area-difference 
elasticity, as is done in the ADE model, is essential in the situation where very long 
tubules are extracted from small vesicles [116], or when studying the formation of 
small tethered vesicles under the action of an axial load [117]. Remark also that one 
should usually consider the pressure difference across the membrane by adding a term 
—AP V to the Hamiltonian, where V is the volume of the tube and AP = Pin — Pout, 
with Pin (resp. Pout) is the pressure inside (resp. outside) the vesicle from which the 
tube is extracted. From the Young-Laplace equation (eq.(1.35)), AP relates to the 
vesicle's radius and tension through AP = 2r/Pvcs- Let's compare the contribution 
of this term with the contribution coming the term proportional to a for a tube of 
radius R <^ Pves and length L: 



AP V AP 7rp2 L 



R 



< 1 



(5.7) 



a A a2iTRL a Pv„_ 

since we are extracting tubes far smaller than the vesicle and since r < cr. It is 
justified thus to neglect the pressure difference across the tubule [102], [112]. 

Differential geometry yields the general dA given in eq.(4.4) and H given in 
eq.(4.9). For the case of quasi-cylindrical geometry, we obtain up to order two on u 
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~ / h{u, {ui}, {uij}) dpdz, (5.8) 
Jn 

where i,j G {p,z}, Ui = diU = du/di, fl corresponds to the domain of the reference 
cyhnder of radius Rq over which the membrane stands, and [7] 

h = 0- [2 + - 2 i?o (upp + u^^) + Rq {upp + M^J^ 

+ 2Rlul + ARluUpp]+0{v^). (5.9) 

5.2 Derivation of the stress tensor for a cylindrical 
geometry 

In analogy to the planar and quasi-spherical cases, the projected stress tensor 
relates linearly the force that the region 1 exerts over region 2 to the length of the 
projected cut M through 

rf0i_,2 = S ■ m d£ , (5.10) 

where m = uip + is the normal to the cut on the reference cylinder (see 

Fig 5.4). 




Figure 5.4: The upper vector in red represents the three-dimensional force exchanged 
through an infinitesimal cut on the membrane. In green, we see the projection of the 
cut onto the reference cylinder. Note that the vector m, normal to the projected cut, is 
contained on the reference cylinder (dashed lines). 



In order to derive S, we consider at each point of the membrane an arbitrary 
infinitesimal displacement 5a = 6ap Cp + Sa^ + Sa^ corresponding to a variation 
{6p, 6z) on the projected cylinder (see Fig. 5.5). Accordingly, the membrane's shape 
becomes u{p, z) = u{p, z) + 6u{p, z). 



5.2. DERIVATION OF THE STRESS TENSOR FOR A CYLINDRICAL 
GEOMETRY 
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(a) Coordinate space used 
in the parametrization of the 
tube's shape. The shaded area 
represents fi, the thick sohd line 
represents dfl and the dashed 
hne represents dfl after an in- 
finitesimal displacement Sa of 
the membrane. The line in the 
center represents the projected 
cut. 



(b) Fluctuating tube before (shaded) and after 
(dashed red) a general displacement. The refer- 
ence cylinder is shown by the dashed black line. 



Figure 5.5: Deriving the projected stress tensor. 



As one can see in Fig. 5.5(b), the new edge's position satisfies Ro[l + u{p + 6p, z + 
6z)] er{p + 6p) + {z + 6z) = Ro[l + u{p, z)] e^^p) + zez + 6a, which imphes 



Sttp = 6p{l + u), (5.11) 
Sa, = Sz, (5.12) 
Sttr = Rq {6u + Uz6z + Up6p) . (5.13) 

We now impose that 6a is done at fixed orientation of the membrane's normal: 
in this way, only the boundary forces work, not the torques. The normal to the 
membrane is n = tpXtz/\tpXtz\, with tp = dpV = Rq Up ej.+{l+u) Bp and = d^r = 
RqUz Br + e^. This gives n = [l — Rl (m^ + ul) /2] er{p) + Ro{u — 1) UpSp^p) — 
Ro Uz Gz + 0{u^). The normal variation is given by 6n = fi{p + 6p, z + 6z) — n{p, z), 
h being the analog of n for u instead of u. In order to impose 6n = 0, we require 
that 6n - tp = and Sn ■ = 0, yielding, up to order 



SUz = {UzUp-Upz)Sp-UzzSz, 

(5.14) 

Sup = [Rq^ {1 + u) + 2ul- Upp] Sp 

+ {uzUp — Upz) 5z + Up5u . (5.15) 

Using eqs.(5.11)-(5.15), we may now express the variations {5p, 5z, 6u, 6up, 6uz} 
at the boundary in terms of the components of Sa. We obtain, to order 
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5p — {l — u-\- w^) 5ap , 



5z — 5az , 



Su — {u — l)Up Sttp — Uz Sttz + Rq^ Sur , 



(5.16) 
(5.17) 
(5.18) 



Sup = [Rq"^ + ul + {u- 1) Upp] Sttp 
— UpzSUz + Rq^ {1 — u)upSar , 



(5.19) 



SUz 



[up Uz + {u- 1) Upz] 5ap — Uzz 5az 



(5.20) 



To obtain S, we study the variation of the energy after the displacement 5a. On 
the one hand, in terms of /i, one has 



5H 



bulk 



-j 

Jn 



du 



dui 



dui 



dpdz 



(5.21) 



for the bulk of the membrane and 



(^^boundary / 



, _ , dh ^ dh \ ^ dh ^ 
hoi + [ — Oj — — ) ou + ouj 



duj ^ du 



1-3 



(5.22) 



for the boundary energy variation. On the other hand, the work of forces at the 
boundary is given by 



(^"Hboundary = / 8a - ^ ■ mM . 

Jon 



(5.23) 



By comparing the last two equations, we obtain E^j, S^j and Epj {i being either p 
or z): 



\dui ' duij 



dh dh o 

Uz - ^ Upz - ^ Uzz + 0{U ) , 

dUip duiz 



(5.24) 



1 f dh ^ dh \ 1 ,^ . dh o, 
I -~ d,- — 1 + — (1 - -u) - — Up + 0{u^) , 



i?o \dui duij J Rq 



duip " 



(5.25) 



(1 + ,^+(*_,,,|L)(„_i) 



Ur 



dh . , ^. . dh 

+ Pp Uz + \U— 1 j Upz\ + 



dui 



dui 



+ + (ii - 1) Upp 



+ C»(xi'). 



(5.26) 
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Note that due to the presence of terms such as R^'^dh/duip (see, e.g., the ex- 
pression of Spj), it is in general necessary to have h at 0{u^) in order to get the 
stress components at 0{u'^). This means adding 

At3 = —U — Rq [Qu Upp + 5 — U^j U 

+ Rq {ul^ -3ulp-2 u^^ Upp) + 4 i?o Up^ 

+ Rq {upp - u^z) ul + i?o {upp + 3,u^^) ul (5.27) 

to h given in eq.(5.9) before evaluating the derivatives in eqs.(5.24)-(5.26). For E^j, 
however, one may check the 0{v?) terms in h are sufficient. Explicitly, we obtain 
up to order two on u 

E,, = a{2 + u' + 2Rl[ul + {2u-l)upp] 

+ -^0 Kp - '^Iz + 2-"^ {u^zz + Upp^)] } , (5.28) 

2Rl{l-2u) Up^ + 2Rl [u^ {up^^ + Uppp) - Up^ {u^^ + Upp)] , (5.29) 
2Rouu^-2Rl[{l + u) u^zz + {l-u) Upp^ + u^^ - Up u^p] , (5.30) 
-2Ro{l-4:u)up 

2 Rl [(1 - 3 It) Uppp +{l-u) Up:,:, - ^Up Upp + Up u^z + u^ Up^] , (5.31) 
2Rl [(1 -u)upz + UpUz] 

2 Rq [{u^^ + Upp) Up^ - {uppz + u^zz) Up] , (5.32) 

2u-'iu^ + Rl[ul + ul + 2{l-?,u) Upp] 
+ ^0 - «pp + 2 {up^^ + Uppp) Up] . (5.33) 

Note that we may easily recover from E^^ the mean-field force needed to hold 
a tubule. Indeed, m = yields E^^ = 2a [4], i.e., /o = 2tiR x 2a = 2T\\p2Ka. As 
we have discussed in section 1.4.4, this result is very interesting: if the mechanical 
tension were due only to the tension cr, we should expect fo — cr x 2t:Rq. In reality, 
the curvature yields a supplementary term 1/2 (k/Rq) to the mechanical tension r, 
which explains the factor two in our result. In the next two sections we shall propose 
some tests to verify the correctness of these equations. 

5.2.1 Verification: stress tensor in the tangent frame 

Here we propose a first check by showing that from eqs.(5.28)-(5.33), one re- 
obtains the stress tensor in the local frame given in cq.(1.50). Wc consider a general 
membrane, not necessarily tubular. At a general point P of the membrane, there 
are two principal curvatures Cx and Cy whose principal directions ex and ey are 



^zp — 



y — 



-'rp 



-'pz 



-'pp 



136 



5.2. DERIVATION OF THE STRESS TENSOR FOR A CYLINDRICAL 

GEOMETRY 



CHAPTER 5. FORCE NEEDED TO EXTRACT A FLUCTUATING NANOTUBE 



orthogonal. We place our reference cylinder tangent to the membrane at P, with its 
axis direction parallel to ey and Cp parallel to ex , as shown in Fig. 5.6. 




Figure 5.6: The shaded surface represents a piece of membrane. The principal curvatures, 
as well as the principal directions ex and ey in P, are shown in red and green. The dashed 
cylinder represents the reference cylinder. 



By geometry (see Fig. 5.7), one determines the shape of the membrane near to 
P in the cylindrical coordinate system, yielding 



Rn 



l + - Cx + 



Rq J Rq 



Comparing eq.(5.5) and eq.(5.34), we identify 



(5.34) 



C 



1 



X 



P 



Rq J 



(5.35) 
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Applying eq.(5.35) to eqs.(5.28)-(5.33), one obtains 



E,, = a~^Cl + ^Cl, (5.36) 

Spp = o + ^Cl-^Cl, (5.37) 
dC 

Erp = -1^-^^ (5-39) 

= 0, (5.40) 
Sp. = 0, (5.41) 

where C = Cx + Cy is the total curvature. Noting that we have the equivalences 
X = p,Y = z and Z = r near P, these equations are identical to eq.(1.50). 

5.2.2 Verification: force between two rings constraining the 
tube 

In order to control the validity of the formula giving S^^, which will be the only 
component used in the next sections, let us calculate the force acting between two 
"undulating rings" separated by a distance L (see Fig. 5.8) by deriving the free-energy 
and compare to the force obtained using the projected stress tensor. 




Figure 5.8: Tube constrained by two rings separated by a distance L. We have also 
considered the case of "undulating rings". The region A goes from very far to the first ring 
up to it, while the region B stands for the region between the rings. 

The rings are described by the boundary conditions 

«(p,±L/2) = f/oCos(^) , (5.42) 
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and dzu{p, ±L/2) = 0, for n > 1. By symmetry, we assume u{p, z) = U{z) cos{np/R). 
Thus the distortion energy (5.8)-(5.9) between the rings takes the form: 

H = 7iRoa I (n^ - 1) ^ - 2 n^Rl U U" + U"^ dz . (5.43) 

The equihbrium shape is given by the Euler- Lagrange equation given in eq.(5.21), 
yielding 

(n' - lfU{z) - 2n^R^U"{z) + R^U""{z) = . (5.44) 
The solution satisfying the boundary conditions is 

[n+smh{n+£) cosh{n^z/ Rq) — n_smh{n-i) cosh{n+z/ Rq)] . . 
U{z) = Uo jij^ , (5.45) 

where i = L/(2i?o), A{i) — n+ sinh(n+^) cosh(n_^) — n_ sinh(n_^) cosh(n+£) and 
n± = (n^ ± V2n2 - 1)V2. 

To evaluate the balance of the forces acting over first ring, which is symmetrical 
from the force acting over the second one, we have to consider the force exerted by 
region A, fA, and the force exerted by region B, fs- Each region is in equilibrium, 
implying that the integral of T^zz over p is constant in each one of them. We may 
thus consider an arbitrary projected path with m = in each region to evaluate 
forces. For the region A, we will consider a path very far from the ring, so that 
u ^ 0. We have 



2nRo 

^•Szdp, 

fl-KRo r'^TiRo r'^uRo 



fA ^ f 

Jo 

/■ZTTrto /■^TTrto p^TTtto 

= / Hpzdpep^ / llrzdper+ I Hzzdpe^, 
Jo Jo Jo 

= / 2adpez. (5.46) 
Jo 

In the last passage, we have used the fact that E^^ 2a, T^pz and T,rz ^ as 
w — > 0. For the region B, we consider a path eik z — 0. We obtain 



r2nRo 




= / nz 


=0 ■ e-zdp, 


Jo 








= / ^pz 


z=o dp ep + 


Jo 




j-2-nRi) 




— I ^zz 


z=0 dp Bz . 


Jo 





2nRo /■2nRo 

^rz\z=0 dp Br -\- I 12zz\z=0 dp Bz , 

Jo 

(5.47) 

The forces in the other directions. Bp and e^, vanish after integration, as expected 
given the symmetry of the system. The resulting force is then 
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f(L) e,^fA-fB^ / (2(7 - E,,|,=o) dpe, . (5.48) 

^0 



-27rilo 
'0 

Using eq.(5.28) to calculate E^^, we obtain 



where B — 7ri?crC/o •\/2n^ — 1. Intuitively, one should expect the rings to collapse in 
order to minimize the tube's deformation. Indeed, the resulting force between the 
rings is always attractive. 

In order to check this result, we propose ourselves to re-derive f{L) using a 
different method that does not involve the stress tensor. First, we will evaluate the 
energy stored between the rings, given in eq.(5.43). As the tube is in equilibrium, 
it's shape obeys eq.(5.44). Applying this equation to the first term of eq.(5.43), we 
obtain 

L 

n^nRla J'^ {-U U"" + U"^) dz . (5.50) 

Integrating by parts the term on U U"" and reminding that U {z) is an even function, 
that U{±L/2) = Uo and that U'{±L/2) = 0, we obtain 



n = 2TiRlaUoU"'{-L/2), 

= 4^^^^+^-sinh(M)sinh(n_^)^ 

where we have used the solution given in eq.(5.45) to obtain the last passage. Prom 
the stored energy, the resulting force between the rings is given by 

/(L) = -M£). (5.52) 

After a careful calculation, we recover the result obtained from the stress tensor 
(eq.(5.28)), testifying of the correctness of the component E^^ of the stress tensor. 



5.3 Evaluation of the average force 

In order to hold a nanotubc, one must apply a force exactly equivalent to the 
force that the rest of the fluctuating tubule exerts. Thus, considering a section of 
the tube with m — e^, the average force needed to hold a fluctuating tube is 
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/ /■27rilo \ 

/e^ = ( Y:-e,dp) , 

^0 

p2nRo 

= / {^zz)dpe, = {fo + ff[)e^, (5.53) 

^0 

where we remind that /o = 2ny/2Ka — 2'kk/Rq is the mean-field force and /a is the 
correction due to fiuctuations. Note that in average, there is no force perpendicular 
to the tube's axis, as expected by symmetry reasons. 

5.3.1 Correlation function 

Let us consider a tubule of length L with periodic boundary conditions for sim- 
plicity. The fiuctuations of the tube's shape may be decomposed in Fourier modes: 



m.,q 

where m = 0, ±1, . . . , ±M and q — 2TrnRoL, with n = 0, ±1, . . . , ±A^. As the modes 
with m = ±1 and q = correspond to pure translation, they will be omitted in the 
following. The cutoffs M and gmax (or A^) are related to the high wave-vector cutoff 
A through M — ARq and gmax = 27: NRq/L — ARq. As in the last chapters, we 
assume that tt/A is somewhat larger than the membrane thickness a ~ 5 nm and 
we take A 1/a. Note that there is an uncertainty on A of a factor of order unity. 
In terms of the Fourier modes, the Hamiltonian given in eq.(5.8) becomes [7], [118] 

m,q 

Using the equipartition of energy, we have 



{Um,q''^n,k) — 7 2 T\2~l~^2T'^2l~0 2Y ' (5.56) 



kT,T 

"(m2-l)2 + g2(^2 + 2m2) 

where 6 stands for the delta of Kronecker. Hence, with u = u{p, z) and u' = u{p' , z'), 
the correlation function of the tubule thermal fiuctuations is given by 



G{p-p',z-z') = {uu'), 



2t:kL {m? - if + q^ + 2m?) ' ^ ' ' 

-tK^Y / 9 dq. (5.58) 

(27r)2K^7 {w?-lf + q^{q^ + 2w?) ^ ' 
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Here, as in the last sections, is the temperature and the brackets indicate the 
thermal average. In the last passage, we have transformed the sum over n into 
an integral, which is legitimate for tubes longer than a few times Rq, so that both 
the sum and the integral run from —ARq to ARq. Using this correlation, one can 
easily derive other correlations involving derivatives with respect to p or z. Let's see 
an example in detail: first, let's evaluate an average without using the correlation 
function 



{u^{p, z) Upp^{p',z')) 

\m,q 



27rL 



i ^{mp+qz) 



) 



X 



n,k 



Rq 
Rq 



.m,q ^ ^ 



X 



5: i g 

n.k 



EE 

m,q n,k 



n^qk 



111 -II -\p^^''('^P+1^'l p^^o^i'^P'+''^') 
p4 / \"'m,q "'n,kl^ ^ ) 



k-eT Rq 
2t:kL 



E 



m,q 



m 



^iR^'-[m{p-p')+q{z-z')\ 



Rl J (m2-l)2 + g2(^2 + 2m2) ' 



(5.59) 



where we have used eq.(5.56) to obtain eq.(5.59). One can easily verify that this 
result can be simply obtained from eq.(5.58) through 



Mp,z) Upp,{p,z')) = 9^1(^,2) {did,) [G{p- p,z - z')] 



(5.60) 



where 1(^ 2) indicates that the derivative is taken at the point {p,z). This method 
can be generalized to the calculation of similar averages. 



5.3.2 Average force 

Calculating the average of each term of eq.(5.28), we obtain 

k^T ^ (m^ - 1)2 - ^2(3^2 ^ 2m^) 



(S,,) = 2a + 



The average force is thus 



E 



AttRqL^ (m2 - 1)2 + ^(^2 + 2m2) ' 

m,q / J. \ J. I 



(5.61) 



2L 

= /.+^E 



m.,q 

(m 



- 1)2 + g2(g2 + 2m2) ' 



2 1)2 - g2(3^2 ^ 2m2) 



2L ^ (m2 - 1)2 + g2(^2 + 2m2) ' 



m,q 



(5.62) 



with, in tubes whose length is bigger than Rq, 
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M 

E 



-M 



(5.63) 



For |m| ^ 1 the integral yields ~ — 6M + 8m arctan(M/m). A crude approximation 
may then be obtained by replacing the sum over m by [— 6M+8m arctan(M/ m)\ dm 
—AM"^. It turns out that this approximation is excellent in the regimes of interest 
(see Fig. 5.9). It follows 



and consequently 



/fl 



27rK 

Rn 



TT 



1 --r^RlK^ 



(5.64) 



(5.65) 



Equivalently, using the definition of Rq given in eq.(5.4), we obtain in terms of a 

ksT A2' 



(5.66) 



Hence, we find that the actual force / is significantly smaller than the mean-field 
approximation /q, the correction being more important when Rq is large (Fig. 5.9). 
Note, however, the strong infiuence of the uncertainty on A. 




Rq [nm] 



Figure 5.9: Average force / as a function of the tubule radius Rq. The dashed fine 
corresponds to the mean-field force /q. The solid lines correspond to the renormalized 
force, as given by eq.(5.65), with, from top to bottom Aa = 0.5, 1, 2, as indicated. 

The circles are obtained using the exact numerical sum (5.63), showing the quality of 
the approximation (5.65). The parameters used are a ~ 5nm, k^T ~ 4 x 10"^^ J and 
Ac~ 50A;Br. 



5.3.3 Discussion on the validity of our results 

Let us comment on the validity of our results. First, we should recall that 
eq.(5.65) actually corresponds to the first term in a power series expansion of the 
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form / = /o[l + {kBT/K)fi{ARo) + {k^T / f2{ARo) + ...], the higher-order terms 
arising from terms beyond 0{v?') within the expressions of h and S^^. The fact that 
k-QT/ K <C 1 for biological membranes is good for the convergence of the series, but 
Rq should not become too large. Obviously, / must be positive, implying the upper 
bound condition 



Ro<a\- RilSOnm, (5.67) 

with a = A^^ ?=a 5nm and k ~ 50 /cb?". This condition, essentially due to the 
existence of an upper wave-vector cutoff, is normally verified (see, e.g., Ref. [116]). 

At the same time, we must require (u^) <^ 1 for the harmonic approximation to 
be valid. As shown in ref. [4], eq. (5.58) is well approximated by 

wo. 0)„(p. 1^ (A _M,_fl) ,„.(£). (5.68) 

Requiring, e.g., < 0.2 corresponds to the condition L/Rq < nK/^k-QT), i.e., 

L/Rq < 200 for K ~ bQk-BT. When Rq < 50 nm this corresponds to L < 10 /.im. 
These ranges, together with the requirement that the vesicle from which the tubule 
is extracted should be very large, define the conditions of validity of our analysis. To 
conclude, let us comment on the influence of the boundary conditions. Due to the 
force conservation principle, / cannot depend on the position at which it is measured. 
Therefore, the boundary conditions are not important to the average force and it is 
justified to choose periodic boundary conditions, as we have done here. 



5.4 Discussion on experiments 

In this chapter, we have analyzed the infiuence of the thermal fiuctuations on the 
force exerted by a nanotube which is pulled from a membrane with bending rigidity 
K and internal tension a. Two other parameters play a role: the thermal energy 
k-eT and the upper wave- vector cutoff A f» 1/a (up to a prefactor of order unity), 
where a is the membrane thickness. While k, A and k-^T are rather fixed, cr, the 
in-plane stress, may span several decades as it depends on the way the membrane is 
tangentially stressed. As we have seen previously, the problem is that a itself is not 
exactly a control parameter. Instead, one usually controls the effective mechanical 
tension r. 

Let's examine a typical experiment involving nanotubes, as presented in sec- 
tion 1.4.4. To a giant vesicle, held by a micropipette, one attaches a glass or mag- 
netic bead. This bead is subsequently displaced, forming a tube, while the vesicle 
is held at the same position. By measuring the difference of pressure between the 
interior of the micropipette and the aqueous solution, the tension r can be obtained, 
using eq.(1.35). Let's suppose one is interested in studying the force / needed to 
extract a tube as a function of the membrane's tension. As we have discussed in 
section 1.4.4, two assumptions are usually made: 

1. firstly, one considers cr ~ r; 
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2. secondly, one neglects the thermal fluctuations of the tube, implying that the 
force to extract a tube is simply /q. 



Thus, under these assumptions, the force needed to extract a tube, which we will 
call /q, is given by 



In Fig. 5.10, we have plotted this relation, which is simply linear in log-scale (line 
in red). In experiments, as one can see for instance in the Fig. 1.37 in section 1.4.4, 
this linear behavior seems to be indeed verified and consequently, up to now, these 
two assumptions were held as justified [96], [98], [119]. 

In the chapter 2, however, we have seen that r was considerably different from 
(7, since r has additional contributions arising from the curvature strains excited by 
the thermal undulation. For a planar membrane, we have in general 



relation still valid for large vesicles (see chapter 4). Taking into account this dif- 
ference, but still neglecting thermal fluctuations, the force needed to extract a tube 
should be 



This curve is shown in blue in Fig. 5.10, which seems to be completely incompatible 
with the linear trend of experimental data. 

Finally, wc have seen in the previous section that the contribution of the thermal 
fluctuations to the force may be important. Taking into account the difference 
between r and cr as well as the thermal fluctuations, we obtain from eq.(5.66) 



/o = 27ry2^. 



(5.69) 




(5.71) 



/ ~ 27rV2fi:(r + ctq) 1 



2 (JQ 

n r + ao 



(5.72) 



This curve is plotted in green in Fig. 5.10. 
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Figure 5.10: Average force / as a function of the effectively applied mechanical tension 
T. The red solid line shows the usual relation given in eq.(5.69), under the assumption that 
T ~ 0" and neglecting thermal fluctuations. The upper blue dotted line shown the expected 
relation if one considers t = o — o"o, but neglects the thermal fluctuations (eq.(5.71)). 
Finally, the green dashed curve represents the expected relation taking into account both 
the difference between r and a and the thermal fluctuations (eq.(5.72)). The parameters 
used are Aa = 1 with a ~ 5 nm, fc^T ~ 4 x 10~^^ J and k ~ 50 fc^T. 



We observe that thermal fluctuations are indeed important: the average force / 
differs significantly from the mean-field approximation /o = 2tx\/2ko. The relative 
error (/o — /)// is of order 5% at r = 10~^J/m^, of 30% at r = 10^^ J/m^ and 
it reaches 100% at r = 10~^J/m^ (see Fig. 5.10). Interestingly, the relative error 
(/q — /)// is much smaller than (/q — /)// (see Fig. 5.10). Indeed, it is less than 1% 
for r > 10~^ J/m^, and it becomes larger than 20% only for r < 10~^ J/m^. Hence /g 
appears to be indeed a good approximation of the average force: for r > 10~^ J/m^, 
one should expect a linear behavior. This happens however by a happy coincidence, 
since one makes two non justified assumptions. 

Let us discuss what could be done experimentally in order to test these predic- 
tions. The difference between / and /g will be difficult to evidence, because one 
should detect a difference of the order of a few pN while measuring precisely the 
tension in the range r < 10~^J/m^. It should be easier to detect the difference 
between / and /o = 2'R\/2Ka^ since it is already significant at r ~ 10"^ J/m^. This 
could be done if the tension r were measured simultaneously from the thermal fluc- 
tuation spectrum of the vesicle from which the tubule is drawn and then assuming 
that r ^ a. It would be interesting to measure Rq as a function of r directly, in 
order to check the difference between Rq and the usually assumed relation k,/(2t) 
(we expect A/K/[2(r -|- ctq)])- This would require a specific experiment, since Rq is 
normally below optical resolution. 
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5.5 In a nutshell 

The mean-field force needed to extract a membrane nanotube in terms of the 
membrane rigidity k and it's microscopical tension a is well known and given by 



/o = 27ry2^. (5.73) 

Assuming that thermal fluctuations are negligible and that the mechanical tension r 
coming from the flattening of the membrane's fluctuation is a good approximation for 
(7, this relation seemed to be successfully experimentally verified. Recently, however, 
it was shown that these nanotubes, due to their geometry, present very soft modes 
and should thus have strong fluctuations, implying that the actual force / needed 
to extract a tube should be somewhat different from /q. To evaluate this difTcrcnce, 
we have derived the stress tensor for quasi-cylindrical geometry and averaged it 
appropriately, yielding 



where 



^ _ 2 oo 
TT a 



(5.74) 



Numerically, the difference between / and /o is non-negligible. The fact that it has 
not been previously noticed comes from a happy coincidence: the assumption that 
cr a; T seems to make up for the neglected thermal fluctuations. 
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Chapter 6 



Fluctuation of the force needed to 
extract a membrane nanotube 

As discussed in section 1.4.4, nanotubes are extracted from vesicles by applying 
point forces. In the last chapter, we have described a popular method for pulling 
nanotubes, which consists in attaching a glass bead to the membrane and displacing 
the bead with a laser. The advantage of this method is that one deduces with 
precision the applied force by measuring the position of the center of the beam and 
the position of the bead along the tube's axis (see Fig. 5.1). In general, only the force 
in the direction of the tube's axis fz is measured, since by symmetry the averages 
of the transversal components of the force vanish. A typical time-sequence of the 
bead's position along the tube's axis and force can be seen in Fig. 6.1. 

E 
3 

10 ^ 

o 

E 
<u 

o ta 
a 

0° 



Figure 6.1: Extraction and retraction of a nanotube using a glass bead and an optical 
trap [120]. The blue well-defined line represents the displacement of the glass bead as a 
function of time. The bead was moved in order to elongate the vesicle and create a tube 
(from up to 80 s) , then kept roughly at the same point for 20 s and finally moved in the 
opposite direction. The red fluctuating line shows the force applied to the bead. Note that 
there is a force barrier to form a tube (region before 40 s), but afterwards, the force does 
almost not depend on the length of the tube. 



In the last chapter and here, we are interested in the situation where the tube's 
length is kept constant (results published in [6]). In Fig. 6.1, this corresponds to 
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the interval between the dashed hnes, where we can see that the force is roughly 
a plateau. We have studied the average value of this plateau in the last chapter, 
obtaining 



47r^ o 



(6.1) 



where k is the bending rigidity, A is a wave-vector cutoff and a is the tension asso- 
ciated to the microscopical area of the membrane. 

Interestingly, in Fig. 6.1, we see that the measures of present a considerable 
dispersion, mainly coming from the fluctuations of the bead's position (we cannot 
see this fluctuation on the blue curve due to the length scale). In effect, the bead is 
subjected to many sources of thermal fluctuations, such as the fluctuating forces that 
the solvent applies to the bead, producing a Brownian movement, and the thermal 
fluctuations of the membrane to which the bead is attached. 

As membrane nanotubes present very soft Goldstone modes [7], the membrane 
fluctuation is possibly responsible for an important part of the dispersion, in which 
case measures of force fluctuation could be used to characterize membranes. Indeed, 
in section 1.4.4, we have seen that from measures of the average force (/^), one can 
deduce the bending rigidity of a membrane. Likewise, the fluctuation of the force in 
the direction of the tube's axis, easily accessible with the same experimental setting, 
could provide supplemental informations. Accordingly, our aim in this chapter is to 
study the contribution of the membrane fluctuations to the fluctuation of the force 
in the direction of the tube's axis, defined through 



{M.f ^ {f')-{f.f- (6.2) 

As in chapter 5, we will consider a tube small enough so that we can consider 
the vesicle from which it is extracted as a lipid reservoir and wc can neglect volume 
constraints. In section 6.1 we remind some important results deduced in the last 
chapter. To evaluate A/^, we will use the diagrammatic tools introduced in chap- 
ter 3. We will thus sum-up some properties of these diagrams and write the stress 
tensor using them in section 6.2. In section 6.3, we evaluate A/^. Finally, we discuss 
our results in section 6.4. 



6.1 Some important definitions and results 

As in chapter 5, we shall restrict our attention to deformed tubes weakly depart- 
ing from the mean-field cylinder, whose radius is given by 




We will keep the same coordinate system presented in Fig. 5.3 and the tube's shape 
will be parametrized by cq.(5.5). 

As before, we consider a tube relatively short compared to the vesicle from which 
it is extracted, so that the vesicle can be treated as a lipid reservoir. In the case of 
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short tubes, one can also neglect the pressure difference across the tube's membrane 
(see discussion in section 5.1). The energy is simply given by the Helfrich Hamilto- 
nian, given in eq.(5.8) and eq.(5.9). The corresponding correlation function is given 

by 



G{p - p',z- z') = {u{p, z) u{p', z')) , 

= Mj^W — (64) 

where m G {— M, • • • , M} and q = 27TnRo/L, with n e {—N, ■ ■ ■ , N}. We remind 
that the upper bounds N and M are given by M = Ai?o and ^max = 2t:NRq/L — 
Ai?o, where A = 1/a is the high wave- vector cutoff and a is of the order of the 
membrane thickness. 

The force needed to extract a tube is given by 

j llrz dp] + ij ^pz dp] + ij ^PJ ' (6-^) 

where E^^, T^pz and 



^zz = a{2 + u'^ + 2Rl [ul + {2u - 1) Upp] 

+ i?o [u^p - ul^ + 2uz {uzzz + Uppz)] } (6.6) 

are the components of the projected stress tensor for quasi-cylindrical geometry 
derived in section 5.2. As in the last chapter, the subscript p (resp. z) indicates the 
derivative with respect to p (rcsp. z). Here we will evaluate the fluctuation of the 
force in the direction of the tube's axis: 



(A/,)^ = {fl)-{h)\ 

r2TTRo /•2nRo 

= / / (E,,(p,^)E,,(p',;^))-(E,,)2dpdp'. (6.7) 
Jo Jo 

As in chapter 3, the first step is to evaluate the correlation function of the stress 
tensor over the same section of tube: 

C{p, p') = (E,,(p, z)^Up, z)) - (E,,)2 . (6.8) 

To do so, we will use another time the diagrammatic tools introduced in chapter 3. 
We recall their properties in the next section. 



6.2 Diagrammatic tools 

Throughout this chapter, we will use notations similar to those introduced in 
section 3.2. Each field u{p, z) is represented by a straight line. The derivatives with 
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respect to p are represented by a dot over the field, while a derivative with respect 
to z is represented by a slash. An adapted diagrammatic vocabulary is presented in 
table 6.1. 



Usually 


Diagrammatically 


u{p,z) 


1 


Uzip,z) 


1 


Up{p,z) 


1 


u{p, z)u{p, z) 


V 


u{p, z) u{p' , z') 


1 1 



Table 6.1: Basic translation rules from the usual notation into diagrams. 



Averages are performed using Wick's theorem, i. e., by adding all complete 
contractions of fields. Each contraction yields a propagator and, as in the case of 
section 3.2, one can pass a derivative from one branch of the propagator to the other 
by multiplying the diagram's coefficient by —1. For instance, with r = {p,z) and 
r' = {p',z'), we have 

1 1 



= (-1) X r. ^ .r' ^ 

= (-l)x9,9p[G(r'-r)], 

2'kkL 2^2^ irn^ - If + + 2m?) ' ^ ' ' 

m q ^ / J. \ J. J 

This time, once the derivatives are grouped, every slash contributes with a factor 
iq/Ro and every dot contributes with a factor im/Ro. 

In the following section, we will evaluate the propagators between points over 
the same section of tube, i. e., with z = z'. In this case, as the sum over q is 
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symmetrical, an uneven number of slashes over a propagator implies a vanishing 
contribution. Here follows a typical example of the terms that we will need to 
evaluate: 




(6.10) 

which one can readily read by noting the equivalence 




(6.11) 



As the number of slashes over these propagators is uneven, the contribution of this 
diagram vanishes. The first term of eq.(6.10) is also composed by diagrams with 
an uneven number of slashes whose contribution vanishes. At the end, one obtains 
simply 




(6.12) 



In the next section, we will re-derive (S^^) in terms of diagrams in order to gain 
familiarity with these tools. 

6.2.1 Getting familiar: re-deriving {T,zz) 

The component T^zz, given in eq.(6.6), can be written in terms of diagrams as 

a-^S,,) = 2+ V +2Rl V +ARl \/ -2Rl j 

+ Rt\/ -Rt\/ +2Rt V +2^0 V • (6-13) 
Using Wick's theorem to evaluate the average, we obtain 

a-'{^z.) = 2+ Q +2Rl Q +ARl Q 
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Grouping the derivatives, we have 





Let's read eq.(6.15): 



AnRoL^^ (m2 -1)2 + ^2(^2 + 2m2) ' ^ " ^ 



which coincides, as it should, with eq.(5.61). 



6.3 Evaluation of the fluctuation of the force 



Aiming to obtain A/^, we start this section by evaluating the correlation function 
of the component E^^ of the stress tensor. In section 6.3.2, we integrate twice this 
correlation and derive the force fluctuation. There, we discuss also some approxi- 
mations in order to obtain a simple analytical expression. Finally, we conclude by a 
short discussion on the validity of our final result in section 6.3.3. 



6.3.1 Correlation of Ylzz 

Here we will evaluate the correlation function 

C(p, p') = (E,,(p, z)E,,(p', z)) - (E,,)2 . (6.17) 

Prom eq.(6.13), using Wick's Theorem and the rules presented in section 6.2, we 
obtain 
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<7-^C(p,p') = 2 <^ +8RI +16RI +28Rt 



+ S2R^ 



- 8-Ro 



+ 6R^o 



+ SR^ 




+ IQRt <^_J> - ARt 




+ 16R 






t<C> 



- 16i?° 




+ <^ + ^R'o 



2i? 




o 





(6.18) 



Note that all the terms involving diagrams of the kind \ / vanish. Explicitly, we 
obtain 



C{p,f>') 



( 



f -piRo^ (m+n) ip-p' ) 

m,q n,k 



E 



^4 giRg ^m(p-p') 



i?^ V 4vri?o^ y ^ (m2 - 1)2 + g2(^2 + 2m^) ' 



(6.19) 



where fn,m,q,q is a complicated coefficient depending on m, n, q and k: 



9n,m,q,k 



n,m,q,k 



[(m2 - 1)2 + g2(^2 ^ 2m2)] [(n2 - 1)2 + A;2(A;2 + 2n2)] ' 



(6.20) 



with 



9n,m,q,k — 2 — 16 171 +16m —8mn + 32m n + 28m n —16 m n 
- 8 + 2 - 4 g2 A;2 + 16 fk"^ + 8 f k'^ 

+ 4:m'^fF + 8mnq'^F + 6q^¥ + 8m^q^F + 4:q^F . (6.21) 



The second term of eq.(6.19), with an unique sum over the wavcnumbers, is the 
contribution given by the last diagram of eq.(6.18). As expected, the correlation 
depends only on p—p'. In Fig. 6.2, we show the behavior of the correlation normalized 
by it's value at p = for two different tubes with the same length, bending rigidity 
and wave-length cutoff. 
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Figure 6.2: Correlation function of the component of the stress tensor normahzed 
by it's value at p = as a function of p/Ro- In both curves, we considered tubes of length 
500 nm and bending rigidity k = 50 k^T. We have chosen A~^ = 5nm as the value of 
the microscopical cut-off. The blue dashed curve stands for a thin tube with Rq = 30 nm, 
while the red solid curve stands for a tube with Rq = 100 nm. 



First of all, we note that even though the stress tensor correlation decreases with 
the distance, we have no more the fast decay found in the case of planar membranes 
(see section 3.4). In both cases, the function C{p) presents oscillations that remain 
non negligible throughout the whole section of the tube, indicating that the stress 
tensor is correlated all over the length of a tube's cross section. This is a signature 
of the fact that the fluctuations in the shape of membrane tubes are themselves 
correlated over a whole cross section, whatever the tube's radius [7]. Moreover, we 
observe that the oscillations in Fig. 6.2 take place over a roughly constant wave- 
length A. For the tube with Rq = 30 nm, we have 6 oscillations distributed over 
the perimeter, which gives a wave-length A ~ 31 nm ~ 6A~^, with A~^ ~ 5nm. 
Interestingly, we find the same value for the larger tube. This characteristic wave- 
length corresponds to the length beyond which the correlation of the stress tensor 
in planar membranes becomes negligible (see section 3.4). It is thus probably an 
universal quantity, valid for any value of Rq. 

To characterize better how the stress tensor correlation decreases, we have plotted 
the absolute value of the extrema of the oscillations of the red curve as a function 
of p/Rq in a log-log scale (see Fig. 6.3). This curve seems to indicate that the 
amplitude of the oscillations decay with a power law, which is a characteristic sign 
of long-range correlations. 
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Finally, we have compared the contribution of the first term of eq.(6.19), involving 
two sums over the wavenumbers, and the contribution of the second term of eq.(6.19), 
with an unique sum over the wavenumbers, to the total stress tensor correlation. As 
one can see in Fig. 6.4(a) and in Fig. 6.4(b), in general, both contributions are 
oscillating and important. In the following, however, we will see that the second 
term of eq.(6.19), with an unique sum and represented by the solid lines in these 
figures, gives a vanishing contribution to A/^. 
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(a) Tube with Rq = 30 nm. 



(b) Tube with Rq = 100 nm. 



Figure 6.4: Contribution of the first term of eq.(6.19) (term with the double sum over the 
wavenumbers) to the stress tensor correlation (red dashed line) compared to the contribu- 
tion of the second term of this equation, with an unique sum over the wavenumbers (blue 
solid curve). In both cases, we have considered tubes with length 500 nm, k = 50 k^T and 
A~^ = 5nm. 
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6.3.2 Force fluctuation 

As we have seen in eq.(6.7), the force fluctuation is given by 



{Af^y = / / c{p,p')dpdp', 

Jo Jo 

= / / C{p- p',0)dpdp' . (6.22) 

Jo Jo 



The last passage follows from the fact that the correlation function is invariant 
under translation. The function C{p, 0) is periodic with period 2t:Rq. Consequently, 
eq.(6.22) is equivalent to 



(A/,)2 = 27rit:o / C{p\Q)dp". (6.23) 

Using the fact that 



Jo 



(6.24) 



we obtain 



m,q k 



k^T\ ^ ^ 2(m2 - 1)4 + APf [k^-l + 2m2 (l + 2^) + m^] + Gk^q"^ 



2L y ^ Y [(m2 - 1)2 + g2(^2 + 2m2)] [(m2- 1)2 + ^(^2 + 2m2)] 

(6.25) 

Note that the contribution of the last term of eq.(6.19) vanishes after integration. 
Long tubes 

For the case of L > i?o, we can substitute the sums over q and over k by integrals, 
yielding 

\^) y_A^ [(m2 - 1)2 + g2(^ + 2m2)] [(m2 - 1)2 + ^(^2 + 2m2)] 

(6.26) 

Taking into account the fact that eq.(6.26) depends only on |m|, it can be rewritten 
as 

{M.f ={^) {to^2T,^2Y^T^ ' ^^-2^) 
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with 



and 



'-arJ-ar. + (1 + ^^) 



(6.28) 



ARo pAR, 



^"8 + Ak^ + 2A;2 (8 + Sg^ 



Afio J -ARo 



(2 + g2) (2 + P) 



dqdk . 



(6.29) 



.ARo MiJo 2(m2 - 1)4 + 4fc2g2 [k^-l + 2m2 (l + 2A;2) + m^] + 6kY _ ^ 
^"^ " J-Afio i-Ai?o [(m2 - 1)2 + g2(^2 + 2m'')] [{m^ - 1)2 + P(p + 2m2)] "^^"^^ ■ 

(6.30) 

Both integrals over q and over A; in eq.(6.28), eq.(6.29) and eq.(6.30) can be per- 
formed analytically. One can compare the contributions of some modes to the force 
fluctuation in Fig. 6.5. Not surprisingly, the modes |m| = 1, which are extremely 
soft [7] , give a greater contribution. 




Figure 6.5: For very long tubes, each radial mode i gives a contribution [A;BT/(47riio)]^ 
Ti to (A/2)2, with Ti given by eqs.(6.28)-(6.30). We compare here the contributions of 
the modes with m = (lower solid line, in black), m = 1 (upper solid line, in red), m = 2 
(dashed blue line) and m = 3 (dotted green line) as a function of the tube's radius. The 
vertical scale is shown in units of [k-^T / {A-kRo)^ , while the radius of the tube is shown in 
units of the microscopical cutoff a = A~^. We see that the Goldstone modes, with m = 1, 
give indeed a greater contribution to the force fluctuation. 



In Fig. 6.6, we show the percent contribution of these soft modes to the total fluc- 
tuation. In agreement with the curves of Fig. 6.5, the modes with |m| = 1 are 
responsible for more than one third of the force fluctuation. 
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20 40 60 80 100 

Figure 6.6: Percent contribution of the soft modes (|m| = 1) to the total force fluctuation. 



Approximations and an analytical formula for A/z 

In order to obtain a simple analytical expression to the force fluctuation, we con- 
sider the limit of relatively thick tubes, with ARq > 6. Considering a = = 5 nm, 
this corresponds to tubes with a radius Rq > 30 nm, which is currently observed in 
experiments. In this limit, we have 



To-^(Ai?o)^ 



(6.31) 



TC 



(6.32) 



and 



T„^24(Ai?o)' + 



3m 



(Ai?o)^ -21m2(Ai?o) + 12m3 arctan 



ARo 



m 



arctan 



ARr 



m 



(6.33) 



The sum over m in eq.(6.27) can be approximated by an integral, yielding 



M 



2\P1t\ Att 
Tm dm ^ (A Raf + — (A Rof ln(A i?o) • (6.34) 



m=2 

At last, we obtain 



(A/. 



.2 {k^TfRoA^ 

) — 

67r 



+ ln (Ai?o) 



(6.35) 



We discuss the quality of this approximation and its meaning in section 6.4. 
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6.3.3 Discussion on the validity of this result 

Here we remind the conditions of vahdity of eq.(6.27). First, denoting u the 
deformation of the tube relative to the mean-field cylinder, we considered here only 
terms up to 0{u^) in the Hamiltonian and in the stress tensor. Accordingly, our 
result corresponds actually to the first term in a series expansion of the form 



^^^^ g,{KRo)+(^] g2{ARo) + 



K 



K 



(6.36) 



The term oc {k-oTY corresponds to the contributions of terms up to order two in m. 



coming from the diagrams of the form 



Further terms of higher order on 



k-QT come from the terms beyond 0{u'^) in the Hamiltonian and in the stress tensor. 
Secondly, eq.(6.27) is valid for tubes relatively long, i. e., whose length is bigger 
than the radius, but still small compared to the radius of the vesicle from which it is 
extracted. The simplified eq.(6.35) is a good approximation under the supplemental 
condition A it!o > 6. 

Finally, let us comment on the influence of the boundary conditions. Differently 
from the case of the average force, there is no conservation principle for A/^. Here, 
we have calculated A/^ assuming periodic boundary conditions, or equivalently, 
through an arbitrary section in the middle of a long enough tube. The actual value 
of A/2 at the extremity of a tubule with specific boundary conditions might be 
somewhat different. Note also that we have only calculated the fluctuation of the 
component of the force which is parallel to the tube axis. 



6.4 Discussion and consequences for experiments 

First of all, let us discuss on the dependence of A/^ on Rq. From eq.(6.35), we 
have 




(6.37) 



with a = of the order of the membrane thickness. The first term reminds 
the result obtained in chapter 3. There, we have seen that for planar membranes, 
the correlation of the stress tensor decreases over a very short length, whatever the 
membrane tension or rigidity. One could thus consider that a piece of membrane 
was a composition of uncorrelated patches of size ~ a and use the Central Limit 
Theorem to obtain the force fiuctuation. In this case, however, the force fluctuation 
of tubes has a supplemental logarithmic correction relative to force fluctuation in 
planar membranes. This correction can be explained by the fact that the correlation 
of the stress tensor in membrane nanotubes decreases in a power law, as we have 
shown in section 6.3.1. 

In Fig. 6.7, we show A/^ as a function on Rq for different values of the cutoff A. 
The exact curve for long tubes given in eq.(6.27) is indicated by circles, while the 
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approximation given in eq.(6.35) corresponds to the solid lines. We can see the good 
quality of the approximation. For a given value of A, Afz does not vary much over 
the experimental range of Rq. On the contrary, it depends strongly on the value of 
the cutoff A. 

Numerically, we have found a force fluctuation of some pN, which is of the same 
order of magnitude of the value obtained experimentally experimentally (see Fig. 6.1, 
[98] and [119]). For an accurate comparison, however, time- resolved measurements 
should be performed and the Brownian force on the pulling bead should be taken 
into account. 



rA/.[pN] 




Rq [inn] 

Figure 6.7: Force fluctuation as a function of the tube's radius. The solid lines corre- 
spond to the approximation given in eq.(6.35). The curves for Aa = 2, 1 ,0.5 are shown, 
respectively, in blue (curve in the middle), red (upper curve) and green (lower curve). The 
circles stand for the exact numerical sum (eq.(6.27)). Remark the good quality of the 
approximation. In this plot, we have considered ksT = 4 x 10~^^ J and a = 5nm. 



Finally, we compare the average of the force needed to extract a tube, given 
by eq.(5.72), with it's fluctuation. We trace both curves as a function of the effec- 
tive mechanical tension r, since this tension can be experimentally controlled (by 
changing the difference of pressure in micropipettes experiments, for instance). In 
agreement with the results of the previous chapters, we assume t = a — ao, where 
o"o = (^B^ A^)/(87r). Applying this relation to eq.(6.35), we obtain 

. ^ (farPA^ /Z^ [5 + ,„ (a ,r^)] . (6.38) 

The curve for (/z), already presented in Fig. 5.10 and the curve of Afz given above 
is shown in Fig. 6.8. We can remark that Afz is in general small compared to the 
force fz needed to extract a tube, despite the presence of soft Goldstone modes: it 
is comparable to fz for r < lO^^J/m^, but quite negligible for r > 10~^J/m^. 
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Figure 6.8: Average force needed to pull a tube (solid red line) and it's fluctuation A/^ 
(dashed blue line) as a function of the effective mechanical tension r. The parameters used 
are A a = 1 with a ~ 5 nm, ksT ~ 4 x 10~^^ J and k ~ 50 fc^T. 

Sadly, from Fig. 6.7 and 6.8, we conclude that A/^ does almost not depend on the 
tension of the membrane nor on it's rigidity. The force fluctuation seems thus of little 
interest in the mechanical characterization of membranes. On the other hand, the 
fact that Afz does not depend neither in k, neither on the membrane tension, could 
be of great interest to experiments involving active membranes. Differently from the 
membranes studied in this work, which are passive, active membranes have proteins 
embedded in it that add non-equilibrium noise to the system. Experimentally, the 
activity of these proteins depends on a external source of energy. It has been observed 
that the protein activity causes an enhancement of the membrane fluctuations and of 
the excess area relative to the passive case, as if the membrane were in contact with 
a thermal bath of higher temperature [121]. Let's imagine now an experiment in 
which tubes were extracted from an active membrane. If the membrane fluctuations 
were intensified, A/^ should be also affected. Since it does almost not depend on 
the tension nor on the bending rigidity, it could thus be a used as a direct indicator 
of the proteins activity. 



In this chapter, we have examined the possibility of using the fluctuation of the 
force along a membrane tube's axis Afz as a tool to characterize membranes. We 
have only considered the contribution of the membrane's fluctuation, that can be 
very important due to the presence of very soft modes. For a weakly fluctuating 
tube of length L, with i?ves ^ L > Rq, where i?ves is the radius of the vesicle from 
which the tube is pulled and Ro is the mean-field radius of the tube, we obtained 
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(6.39) 
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where A ^ — a, with a of the order of the membrane thickness. Interestingly, Af^ 
can generally be written as 



which reminds the result found for the force fluctuation in planar membranes. The 
logarithmic correction is a signature of the long-range correlations present in the 
tubes. Numerically, for a ~ 5nm, these equations yield A/^ ^ IpN, which is 
compatible with experimental data. Studying the behavior of the force fluctuation, 
we have found that it is extremely sensitive to the value of A, whereas it does 
almost not depend on the bending rigidity nor on the tension. Thus, A/^ seems of 
little usefulness to the mechanical characterization of membranes. It could however 
be used in experiments involving active membranes, i. e., membranes containing 
proteins whose activity can be modified, as an indicator of their activity. Indeed, 
when proteins are active, the membrane fluctuations are increased, which would 
affect A/2 regardless of variations on the bending rigidity or on the tension. 




(6.40) 
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Chapter 7 



Preliminary results on a 2-d 
membrane simulation 

In section 2.3, we proposed a simple numerical system to verify our predictions 
concerning the mechanical tension r, the internal tension a and the tension r ob- 
tained from the fluctuation spectrum of a membrane. Our model was composed of 
a set of variable-sized rods, each one representing a coarse-graining of several lipids, 
free to move in a two-dimensional space. 

In this chapter, we present a more complex numerical experiment consisting of 
a 2-dimensional membrane that evolves in a three-dimensional space, which corre- 
sponds more accurately to the experimental situation. We are motivated by the 
fact that a more elaborated numerical system would not only allow us to verify pre- 
cisely our predictions concerning r, a and r, but it would also give access to other 
quantities, such as the fluctuation of the force that a frame exerts over a membrane, 
studied in chapter 3. Moreover, in chapters 5 and 6 we predict the dependence of the 
force needed to extract a tube and its fluctuation on r, which could also be verifled 
by pulling tubes from a numerical membrane. Sadly, due to time constraints, the 
results presented here arc far from complete and many questions are left unanswered. 

In our numerical experiment, we would like to study a piece of membrane held 
by a circular frame and weakly departing from a plane (see Fig. 7.1). We flnd many 
popular methods used to numerically simulate membranes in the scientiflc literature, 
which we sum-up briefly in section 7.1. We have chosen to use a phenomenological 
model consisting in a triangular network of extensible bonds connecting effective 
particles. The connectivity of the network could be modifled in order to mimic 
the membrane's liquidity (see details in section 7.2) and a harmonic potential acted 
over the particles at the network's edge, forcing a circular frame. Thus, we could 
measure directly the force applied to the frame and derive the effective tension r as 
well as its fluctuation At (see section 7.4.1). The minima of this potential could be 
modifled to widen the frame's radius, decreasing the excess area a and increasing 
the membrane's tension. 
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Figure 7.1: Numerical experiment: a fluctuating membrane weakly departing from a 
plane held by a circular frame. A force could be applied to the frame in order to widen its 
radius, increasing thus the membrane's effective tension. 



To obtain representative averages of r, ot and other variables, we needed to 
generate large sets of configurations of the numerical membrane, which was done 
through a Monte Carlo dynamics, described in section 7.3. In this section, we 
discuss also which were the criteria used by us to determine whether a samphng was 
large enough. 

As usually done in laboratory experiments (see section 1.4.2), the bending rigid- 
ity K and tension r were deduced from the average of the fluctuation spectrum of the 
membrane. Since we simulate the membrane using a network, obtaining the fluctu- 
ation spectrum is somewhat complicated, as we discuss in section 7.4.2. Finally, we 
explain in section 7.4.3 how we could estimate the internal tension a . In section 7.5 
we discuss some preliminary results. At last, in section 7.6, we comment briefly on 
extracting tubes from our numerical membrane and we end this chapter with a brief 
discussion on issues that should be investigated in the future (section 7.7). 



7.1 Short panorama of numerical models on mem- 
branes 

Processes in membranes happen in a wide range of time, size and energy scales. 
For instance, interactions between lipids and proteins inside the membrane occur 
in distances of the order of the nanometer with a characteristic time of some ps, 
while the evolution of the shape of a vesicle involves scales of micrometers and 
may take many seconds. Consequently, depending on the process one is interested 
in, several different models are used to numerically simulate biological membranes 
(see [122], [123] and [124] for some reviews). Schematically, they can be grouped in 
three classes: 
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phenomenological models 




Angsirom micrometer 



Figure 7.2: Illustration of the three main classes of numerical models used to simulate 
biological membranes, ordered in terms of the characteristic time and length scale (figure 
based on [122]). 



1. atomistic models: these models try to take into account all the chemical 
details of the molecules by considering the interactions between atoms. They 
are used to study how lipids interact among themselves and with proteins. As 
these simulations involve many degrees of freedom, they are very computer 
consuming. Consequently, one can at most simulate small patches of a dozen 
of nanometers for dozens of nanoseconds. 

2. coarse-grained models: in these models, small groups of atoms are lumped 
together into effective particles that interact via simplified potentials. The 
solvent can be effectively or implicitly present. As the number of degrees of 
freedom is reduced, one can observe collective movements of the membrane, 
such as its self-assembly, stretching [109], pore formation [109] and thermal 
fluctuations [3]. The main difficulty of these models is deciding which inter- 
actions are truly essential to reproduce the membrane's behavior. A popular 
model of this category is the spring-and-bead model presented in section 2.5. 
Sadly, with these models one is still restrained to length scales of hundreds of 
nanometers, which is a limitation if one wants to study large-scale processes. 

3. phenomenological models: these models take coarse-graining one step fur- 
ther, representing several molecules as a single effective particle, which we will 
call a bead in the following. The solvent is always implicit. They are suit- 
able to study the universal properties of amphiphilic systems. The effective 
particles can be attached between themselves through a triangular or square 
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mesh or instead, the mesh can be absent [125], [126] (meshless models). In 
the first case, to mimic hquidity, the topology of the mesh is changed during 
the simulation. The meshwork is then called dynamic. Our previous simple 
model, presented in section 2.3, belong to this category. 

Throughout this work, we were interested in the general properties of membranes, 
regardless of the molecular details, at length scales far bigger than the membrane's 
thickness. Accordingly, phenomenological models are the most adapted to our case. 
We give some further details on them in the following. 

The meshless models were first proposed by Drouffe et al. in 1991 [127]: the 
beads interact via a hard-core repulsion, an anisotropic attraction that depends on 
their orientation and an effective multi-body interaction favoring a closed packed en- 
vironment to simulate the hydrophobic interactions between lipids and the aqueous 
solvent. These models are very elegant, since one can easily observe the mem- 
brane self-assembly, topological changes, pore formation and the gel-liquid transi- 
tion [127], [125], [126]. As in real experiments, the bending rigidity is usually mea- 
sured through the fiuctuation spectrum. Recently, however, an alternative method 
in which one imposes k directly was proposed by Noguchi et al. [125]. At each 
point of the membrane, a quadratic curve is fitted to the beads contained in a small 
region in order to obtain the local curvature. Subsequently, the standard Helfrich 
Hamiltonian is used to evaluate the configuration's energy. 

The meshwork phenomenological models are a bit older [128] (see [129] for a 
comprehensive review). Actually, very similar models were already studied at that 
time in other contexts, such as lattice field theories and lattice approximations to 
relativistic string theories [130], [131]. The beads were connected by a triangular 
meshwork that could have fixed topology, i. e., each bead had always six neighbors 
or they could be connected by a meshwork whose connectivity evolved over time, 
forming dynamically triangulated surfaces [132], [133]. At this point, membranes 
were usually phantom, i. e., beads could superpose and the self-penetration of the 
network was allowed. 



In the context of biological membranes, models with fixed connectivity, repre- 
senting a polymerized membrane, were first used in 1987 [134]. For the first time, 
the curvature energy was taken into account by introducing an interaction between 
adjacent triangles of the network. Many contemporary works were interested in the 
dependence of the gyration radius of the membrane on it's linear length [128], [135] 
and in the crumpling transition [136]. As biological membranes are self-avoiding, 
the effects of the self-avoidance were also studied by introducing a hard-core po- 
tential between any two beads and limiting the length of the network's bonds to 
£max _ 2y^cro, where (Tq denotes the beads radius, in order to ensure the impenetra- 
bility of the surface [135] (see Fig. 7.3 for a geometrical explanation of this value). 



170 



7.1. SHORT PANORAMA OF NUMERICAL MODELS ON MEMBRANES 



CHAPTER 7. PRELIMINARY RESULTS ON A 2-D MEMBRANE SIMULATION 



Figure 7.3: In order to assure that the membrane cannot self-penetrate, one imposes a 
maximal length to the network's bonds plus a hard-core potential between any two 
beads of the network. Here we show how i'^'^^ = 2^/3 uq is obtained, with ctq the beads' 
radius. 



From 1990 on, the fluidity was taken into account by dynamically modifying tfie 
triangulation, while keeping the self-avoiding restrictions [137], [138]. Since then, 
this model has been used in a wide variety of complex numerical experiments, such 
as studying the dynamics of vesicles and red blood cells in flows [139] , [140] and the 
budding of vesicles mediated by proteins [141]. As we explain in the next section, this 
well-established dynamical triangular network model was the basis for our numerical 
model of membrane. 



7.2 Our numerical membrane 



As shown in Fig. 7.1, we wanted to simulate a relatively large piece of weakly 
fluctuating membrane attached to a circular frame. Under these conditions, the 
probability of overhangs is very small and thus the probability that large fluctuations 
bring distant segments of the membrane into close spatial proximity is negligible. 
Consequently, in an approximation, we decided to ignore the hard-core potential be- 
tween any two beads and consider only the interactions between neighboring beads, 
which is much less computer consuming. In this case, the meshwork phenomeno- 
logical model presents a great advantage: with a mesh, we know at every instant 
which beads are neighbors, since they are attached by bonds, whereas in meshless 
models determining neighbors is not straightforward. So, we have decided to use a 
dynamically triangulated meshwork whose beads are phantom if they are not first 
neighbors. 

In agreement with section 7.1, we denote the beads' radius cxo. Each pair of 
neighboring beads interact through the potential 
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where ^ is the distance between the center of adjacent beads; £™™ = 2 ao and = 
2-\/3o"o are, respectively, the minimal and maximal distance between the center of 
adjacent beads. The length £o corresponds to a preferred distance that we have 
chosen as the average of the minimal and maximal allowed length: £o = (£™™ + 
£max^/2 = (1 + 73) ao (see Fig. 7.4). 



HondA 





Figure 7.4: Potential between neighboring beads as a function of their distance ^. The 
regions where the potential is oo are shaded. 



In section 1.3.6, we have seen that the bending rigidity of a weakly fluctuating 
membrane gives a contribution 

E. = ^l {y^hfdA, (7.2) 

J A.p 

to the membrane's energy. We will not consider topological changes in our simu- 
lation, so the Gaussian contribution to the curvature energy need not to be taken 
into account. In our network, we considered the commonly used bending energy 
discretization [128] 

^discret ^ ^ ^ _ ^^|2 ^ ^ ^ (1 _ . ^ (7.3) 

where the sum runs over all pairs of adjacent triangles a and /3, with normal vectors 
Ua and n^, respectively. This discretization, however, presents a major problem: 
the relationship between k and k depends on the membrane's geometry. Alterna- 
tive more complex discretizations were proposed (see [129] for further details), but 
here we have chosen to keep this simplified discretization, since k will be measured 
through the spectrum fluctuation. Note that eq.(7.3) is a good approximation only 
for Ua ~ Indeed, for two triangles with = — n./j, we have a contribution 2 k, 
while this configuration should be prohibitively costly. 

At last, to impose a circular frame, each bead i of the network's boundary, shown 
in red in Fig. 7.5, is subject to a harmonic potential 
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^ 2 

where fcj is a constant that determines the rigidity of the potential, Ri is the distance 
of the bead with respect to the center of the network and -R/ is the desired frame 
radius, imposed at the beginning of the simulation. Note that the projected area 
of the membrane Ap is not necessarily equivalent to vri?^: it can vary more or less, 
depending on the choice of kj. 

To initialize the network, we construct a planar triangular network alternating 
lines with and A^'^. + 1 beads, up to A^^; lines. The beads are distanced by and 
arranged as in Fig. 7.5. 




Figure 7.5: Initial configuration of the triangular network with Nx = 5. At this point, the 
network is planar and each bond measures £q. The dashed circle represents the frame with 
Rf = 6.96 do and Ri is the distance from a boundary bead to the center of the frame. The 
red large beads are subjected to the potential (7.4) in order to impose the circular frame. 
The ratio £o = (l + \/3)o'o has not been taken into account in this graphical representation. 



During the simulation, two kinds of moves were possible: 



1. Move P: the position of one bead is modified. The beads shown in blue in 
Fig. 7.5 are free to move in three dimensions, while the ones belonging to the 
boundary can only move in the frame's plane. 

2. Move Flip: the network's connectivity is changed in order to represent the 
membrane fluidity. This is done by eliminating an existing bond and proposing 
a new one, as shown in Fig. 7.6. 



(7.4) 
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Figure 7.6: Move called flip: a bond is deleted and a new one is proposed, changing the 
connectivity of the network. 



In the following section, we will see how these moves were numerically imple- 
mented. 



7.3 Simulation dynamics 

As in section 2.3, we used a Monte Carlo method to generate a large sample of 
configurations. Again, the configurations were generated through a Markov chain 
algorithm: from a certain configuration Qi, a new configuration Qi+i was accepted 
with a probability 

P{n, -> a+i) = min [1, e-^^^] , (7.5) 
where AH = l-ii+i — Hi is the energy variation. In practice, we have 

1. Move P: one particle i is taken at random. If the particle belongs to the bulk of 
the network (blue beads in Fig. 7.5), we propose a new position r[ = rj + Ar, 
where Ar = 5r x [rand(— 1, 1) e^; + rand(— 1, 1) + rand(— 1, 1) e^] , with 
rand (a, h) a random number between a and 6, the direction perpendicular 
to the frame's plane and e^. By two perpendicular directions contained in the 
frame's plane. Each bond attached to the particle i has its length modified. 
The normal, area and projected area of all triangles that have the particle 
i as a vertex must also be re-evaluated. The energy variation has thus two 
contributions: one coming from the changing on the bond's length and other 
coming from the curvature. We can see a representation of them in Fig. 7.7. 

In the case of a boundary bead (red large beads in Fig. 7.5), one has simply 
Ar = (5r X [rand(— 1, 1) e^^ + rand(— 1, 1) e^^]. In addition to the former con- 
tributions, one needs also in this case to consider the energy variation coming 
from the frame's potential. The value of 5r was adjusted to have an acceptance 
rate of ~ 50%. 
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(a) Bonds' contribution. 



(b) Curvature contribution. 



Figure 7.7: Contributions to the energy variation when the position of a bead, here shown 
in blue, is modified. At left, we represent the energy variation due to the modification 
of the length of each tether attached to the bead. At right, we represent the curvature 
contribution: the normal (segment at the center of the triangles shown in green), area and 
projected area of the triangles that have the blue bead as a vertex (dark violet triangles) 
must be re-evaluated. One must subsequently consider the variation of the curvature 
energy between all adjacent violet triangles. 




Figure 7.8: Energy variation for a typical flip move. The red bond represents the bond 
that is suppressed (at left) / created (at right). The energy variation is due to the con- 
struction of a new bond of different length and to the modification of the normals (segment 
at the center of the triangles shown in green) of the dark violet triangles. Consequently, 
one has to consider the variation of the curvature energy between the dark violet triangles 
and their neighbors, shown in light violet. 



2. Move Flip: we randomly choose a bond belonging to the network's bulk. We 
propose a substitution to this bond, as shown in Fig. 7.6. The normal, area 
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and projected area of the two new triangles is calculated and the total energy- 
variation involves the terms illustrated in Fig. 7.8. Remark that the frame 
potential never contributes to this kind of move, since the position of the 
beads remain constant. 

Note also that the acceptance rate of flip moves is completely determined by 
the tension applied to the network through the choice of i?/ and by the choice 
of the constants s and k. Typically, we have an acceptance rate between 1% 
and 10%, depending on the chosen values. For very large tensions, this can 
be a serious issue, since the energy variation A'H is in general very large. 
Consequently, almost no flip is accepted and the network does not mimic the 
membrane's fluidity. 

In both kinds of move, one has to re-evaluate the normal, area and projected 
area of some triangles. For each triangle, we evaluate the cross product of two of 
its edges to obtain the direction of its normal and its new area. One must however 
pay attention to the order in which the cross product is evaluated to assure that the 
orientation of the normal is correct. Similarly, to obtain the new projected area, we 
considered the cross product of the projection of two of the triangle's edges onto the 
frame's plane. 




(a) Top view. (b) Side view. 



Figure 7.9: Configuration for a small network with = 5 and a total of = 27 beads, 
/3c7^s = 1, = 10, iSa^kf = 30 and Rf = 6.96ao after the first 2 x 10^ Monte Carlo 
steps. In the top view, we see that the boundaries roughly coincide with the imposed 
circular frame after A'^neg = 2 x 10^ steps (the center of the frame is indicated by the black 
dot). Observe also that the topology of the network has changed: one finds beads with five 
and seven neighbors. In the side view, we can see that the membrane fluctuates around 
the plane (note that the vertical and the horizontal scales are different). 

For each attempt of move P, we try a flip. We call a Monte Carlo step a set of 
N sequences of a move P followed by a move flip, with the number of beads. The 
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first A^neg steps are not taken into account in the evaluation of averages to assure 
tliat tlie membrane lias reached equilibrium. In Fig. 7.9, we show the configuration 
of a small network after N^eg = 2 x 10^ Monte Carlo steps. The frame is already 
roughly circular (the fit with the frame depends on the choice of kf). We will call a 
complete sequence of iVneg Monte Carlo steps followed by a number of equilibrium 
Monte Carlo steps A^iter a run. 
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Figure 7.10: Snapshots of the network at every 2 x 10^ Monte Carlo steps. The height of 
the membrane is represented by the shading scale at right and the three spatial coordinates 
are measured in unities of do. This image was obtained using the interpolation explained 
in the following (section 7.4.2) for Ngj-i^ = 128. Remark that the membrane weakly departs 
from the plane and that the configurations look uncorrelated after 2 x 10^ iterations. 
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7.3.1 Verifications and equilibration criteria 

In order to obtain meaningful averages, we have to assure that our configuration 
samphng is reasonably uniform over the space of the possible configurations, i. e, 
we have to assure that A^iter is large enough. We have not done a systematic study 
on how the equilibration time depends on the network's size and constants at this 
preliminary stage. We have rather evaluated the equilibration at each run. In the 
following, we exemplify how we have carried this out using a typical network with 410 
beads (A^^ = 10), P k = 5, P kf = 10, P aQ s = 1 and Rf = 33.04 (Tq. We assume 
that the system has already relaxed to its equilibrium state after A^neg Monte Carlo 
steps. First of all, we have evaluated visually the system's evolution, as shown in 
Fig. 7.10. We can see that in this case, the configurations are already very different 
after 2 x 10^ Monte Carlo steps. 

Visually, we have also checked if all the bonds were being flipped with a similar 
frequency. For the same network as before, we show in Fig. 7.11(a) a map of the 
bonds colored as a function of the relative frequency with which they were flipped. 
We can see that the coloring is very uniform, indicating that the network does not 
present regions with different liquidity. As a supplementary check, we have also 
studied the diffusion of one bead over time (see Fig. 7.11(b)). 




(a) Flip frequency. (b) Diffusion of one bead. 



Figure 7.11: At left, we see the top view of the network after 2 x 10^ iterations. The 
inset shows a detail of the network. Each bond was colored with the relative frequency 
with which flips were accepted (the average was normalized to one). We see that flips 
happened uniformly in space. At right, the diffusion of a bead after the same number of 
iterations testify of the membrane's liquidity (red curve). We have superposed a network 
snapshot (in green) for comparison. 

On a second moment, we have studied the spatial average of the membrane's 
height: since there is no asymmetry, after a sufficiently large number of steps, one 
should expect this quantity to vanish. This condition is however not sufficient, since 
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the membrane can have a vanishing spatial average and be non-planar. We have 
thus monitored the local average of the membrane's height, i. e., we have studied 
the average shape of the membrane (see Fig. 7.12). In practice, this was done by 
constructing an interpolation that will be explained in section 7.4.2 and averaging 
the height over each cell of the interpolation grid. 
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Figure 7.12: Average shape of the membrane after 2 x 10^ Monte Carlo steps. The 
average height of the membrane is represented by the shading scale at right and the three 
spatial coordinates are measured in unities of (Tq. Once again, we have used A^gnd = 128 
to construct an interpolation grid. Note that the vertical scale is far smaller than the 
horizontal. The parameters are the same as in the last figures. 
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Finally, we have monitored the evolution of longest Fourier modes hi^o, /iq,! and 
hi^i (in the next section we explain how we have obtained the Fourier decomposi- 
tion). Typical curves can be seen in Fig. 7.13. We can see that after ^ 10^ steps, the 
coefficients are uncorrelated, which means that the longest modes have relaxed. Ac- 
cordingly, we have considered that in this case, 2 x 10^ steps generated a sufficiently 
large sampling of the configuration space. 
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(a) Mode hi^. (b) Mode /io,i- (c) Mode 



Figure 7.13: Fourier coefficients as a function of the number of Monte Carlo steps. The 
parameters of the network are the same as before. 
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7.4 Measuring tensions and the excess area 

In this section we describe how we measured the effective tension r and the excess 
area a. We explain also the algorithm used to derive the fluctuation spectrum, from 
whose average we could derive k and the tension r. Finally, we discuss the internal 
tension a in section 7.4.3. 



7.4.1 Excess area and mechanical tension measures 

In order to obtain r, we study the total force that the harmonic potential given 
in eq.(7.4) exerts over the beads at the network's boundary, which represents the 
force applied by the frame onto the membrane: 

f^-kfJ2iR^-Rf)^ (7-6) 

i 

where the sum runs over the beads at the network's edge and Ri is their distance to 
the center of the frame. For kf large enough, the edge of the network fits well with 
the frame with radius Rf and thus the effective tension of a configuration is given 

by 

^ (7.7) 



27rRf 

During a run, Tj was evaluated at the end of each Monte Carlo step. At the end of 
it, we obtained r = (rj) and its standard deviation (Ar)^ = (rf) — {ri)"^. 

Concerning the excess area, we carefully updated the membrane's projected area 
Ap and actual area A after each attempt of move. At the end of each Monte Carlo 
step, the excess area of the configuration 

a, = (7.8) 
was added to a variable in order to obtain a — {ai) in the end of the run. 

7.4.2 Fluctuation spectrum 

Let's consider a square piece of membrane with lateral size L weakly departing 
from a plane, whose shape is described in the Monge's gauge by h{r). In terms of 
Fourier modes, h{r) can be written as 

Mr•) = 5]/in,me^'^•^ (7.9) 
with r = X + y By, q = 27t/L (n, m), n, m e N and 

E E . p-io) 

q |n|<Arniax |m|<iVmax 

where iVmax = L/(2a) corresponds to the smallest possible wave length. Note that 
here we have used a slightly different normalization from the rest of this work. The 
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coefficients hn^m are in general complex and h-n-m = Kimi "where the superscript * 
stands for the complex conjugate. It is given by 



hn,m = j^J J h{r)e-'''-^dr. (7.11) 

In section 1.3.6, we have seen that membranes connected to a lipid reservoir could 
have their energy described by the Helfrich Hamiltonian (eq.(1.15)). Accordingly, 
the average of the Fourier coefficients respects 

{\hn,^j') = ^ 4 ^ (7-12) 

rq^ + Kq^ 

where r is the macroscopic counterpart of the internal tension a and k is the bending 
rigidity (in fact, as discussed before in section 1.3.6, it corresponds more precisely 
to an effective bending rigidity due to renormalization effects). As in laboratory 
experiments, we would like to measure the fluctuation spectrum of our numerical 
membrane in order to derive r and k. In the following, we will explain how it was 
done. 



Obtaining the fluctuation spectrum 

For a general wave- vector (n, m), we have to evaluate eq.(7.11) in order to obtain 
hn^m- The ffist numerical difficulty comes from the fact that instead of a continuous 
surface h{r), we have access only to the position and height of the beads. Con- 
sequently, the ffist step is to built an approximation to the network's surface by 
discretizing it over a square grid of Ng^^^ x A^grid cells with lateral side L, as exem- 
plified in Fig. 7.14. Each cell of has a lateral size A = L/N^^i^. We choose L slightly 
bigger than 2 Rf to avoid problems with the discontinuities at the edges of the grid. 




Figure 7.14: Top view of a network with = 5 and a total of A^ = 27 beads (red). To 
evaluate the coefficients of the Fourier transform, we discretized the membrane over the 
grid shown in black (A^gj-id = 16 here). 



The discretized version of eq.(7.11), known as DFT (Discrete Fourier Transform) 
is given by 
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1 




'n,m 



J2 Yl 



(7.13) 



grid 



a=0 13=0 



where ha,i3 is the height of the cell whose bottom left corner position is r = Ax (a, 
At this point, we need to attribute a height to each cell of the grid, which is initially 
set to zero. We do so in two steps: 



• First, we obtain the plane's equation for each triangle from the position of its 
three vertex. Using this equation, we evaluate the height of some points inside 
the triangle, as shown in Fig. 7.15. 



Figure 7.15: Initially, we know only the position of the triangle's vertex. From them, 
the plane's equation is obtained and the height is evaluated over each dot on the triangle. 



• Secondly, the cell that contains the projection of a dot receives its height. If 
the projection of more than one dot falls inside the same cell, we attribute the 
average of the their height to the cell (see Fig. 7.16). 




(a) Top view. 



(b) Side view. 
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Figure 7.16: To evaluate the height of the ceh shown in red, we averaged the height of 
the dots whose projection are shown in violet. 



Fig. 7.17 shows an example to testify of the quality of our approximation. 




Figure 7.17: Piece of a network with Nx = 10 (A^ = 410 beads) and Agrid = 128, shown 
in red. The green dots correspond to the height of each cell of the grid, obtained through 
the method explained above. Remark the good quality of the approximation procedure. 
Note that the vertical scale is different from the horizontal. 



Once the approximative grid is built, we can evaluate eq.(7.13) which has a great 
advantage: it can be evaluated using the FFT (Fast Fourier Transform) algorithm 
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with a A^g^j^log(A'gi.id) complexity, instead of a A^^rid complexity for naive algorithms. 
We used thus the cdft (complex discrete Fourier transform) routine of the FFT 
library implemented by Takuya Ooura [142], which is a general library to evaluate 
FFT under the condition that A^grid is a power of 2. 



A subtlety 

The prediction given in eq.(7.12) is valid for a squared piece of membrane with 
lateral size L. Since our membrane is round, our situation corresponds to a squared 
membrane seen through a circular mask, given by 



circ(r) = <J (7.14) 




So, we are actually performing numerically the Fourier transform of the function 
h{r) that denotes the height of the membrane multiphed by circ(r), instead of just 
performing the Fourier transform of h{r). Indicating the Fourier transform by a 
superscript we recall the convolution theorem: 



{h circ) — h* circ , (7-15) 



where * indicates the convolution between the two functions. 

In order to obtain h, we will evaluate the Fourier transform of circ(r). Using the 
above presented definition, we have [143] 



"1^ rL rL 



circ ~ J2 I I circ(r") e *^"^cir. 



^0 

= — y rcirc(r)(y e'''^'' dQX dr , 



27r /"^^ 

r Jo{qr) dr , 



TT JijqRf) 
2Rf q 



(7.16) 



where Jj is the Bessel function of order i. In the last passage, we have used the fact 
that L 2 Rf. This function has a very marked pike, as shown in Fig. 7.18. 
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Figure 7.18: Plot of circ as a function of the wave-vector q for Rf 
the function presents a very marked pike. 



32 (To. Note that 



From eq.(7.15), since circ is so piked, we have 



(/icirc) ^ hx circ(O) 

— h X — . 
4 



(7.17) 



Finally, to obtain the Fourier transform of h{r), we have to multiply the Fourier 
coefficients hn^m obtained numerically (considering the mask) by A/tt: 



4 r 
TT 



h = - h 

"'n,m ""n,m 



(7.18) 



In the following, we will keep the notation hn,m for the coefficients obtained with 
the mask. 



During a run 

As the process of grid construction is relatively computer consuming, the fluc- 
tuation spectrum was measured over A^^spec conflgurations uniformly spaced during 
a run. At each time, we obtained the Re(/;,n,m) and lm{hn,m), i- e., the real and 
complex parts of each Fourier coefficient, with < A^grid and |m| < A"grid. In the 
end of the run, we evaluated (|/i„,mP) = (R-e(/in,m)^) + (Ini(/i„,m)^)- 

We plotted then l/{q'^L'^{\hn,m\'^)) as a function of g^, with = {Att^)/{L'^) {n^ + 
w?) and hnm = 4:/7ihn,m- From eq.(7.11), we expect, at least for large wave-lengths, 
a linear relation between these quantities: from the y-intercept of the curve, we 
derive r, while from it's slope we obtain k. In Fig. 7.19, we show an example such 
a plot with a linear fit to the region of large wave-lengths. 
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7.4.3 Internal tension cr 

As discussed in section 1.3.5, the internal tension a is the energetic cost associated 
to an unitary increase in the microscopical area A of the membrane. Prom the energy 
of a system, it can be obtained through: 




(7.19) 



Let's consider a general triangle in the bulk of our mcshwork. In an approxima- 
tion, let's consider that the triangle is equilateral and has i as lateral size. From 
eq.(7.1), the local energy E'tn associated to this triangle is given by 

^^tri = 3 X ^ X s il^M! + E,^,, , (7.20) 

where £^curv is a contribution coming from the bending rigidity. The factor 3 comes 
from the three sides of the triangle, while the term 1/2 comes from the fact that 
each side is shared by two adjacent triangles. Note that the first term is the only 
contribution involving the bead-to-bead distance i. Under the assumption that the 
triangle is equilateral, its area is given by 

A,,.^^e. (7.21) 

Prom eq.(7.19) and under the assumption of an equilateral triangle, we can define a 
local internal tension: 



(9£^tri \ / dAtrS 



di J \ di 

= ^s"—^. (7.22) 

Now, in our simulation, the sides of all triangles are submitted to the same 
harmonic potential given in cq.(7.1). Accordingly, the hypothesis that each triangle 
is in average equilateral is very reasonable. Moreover, as the system is spatially 
uniform, we propose thus a generalization of eq.(7.22) as a estimate of the internal 
tension: 




(7.23) 



where the bar over £ indicates the spatial average of the bead-to-bead distance, while 
indicates as usually the average over an ensemble of configurations. 

In practice, we have kept track of the average length of the bonds over the 
network I at each Monte Carlo step. At the end of the run, we could thus evaluate 
the average of I over a the ensemble of configurations to obtain cr. 
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7.5 Some first results 

The results presented here consist of a prehminary set of runs for a network with 
Nx = 10, with a total of = 410 beads. We have kept the parameters P k = 5, 
P cr^kf = 10 and /3(Jq s = 1. As discussed in section 7.3.1, we let the system evolve 
during A^neg = 10^ steps in order to assure that the final frame shape had been 
attained. The averages were made in a second time, over A^iter = 2 x 10^ steps 
during which 1500 spectra were evaluated. 

We performed fifteen runs with these parameters, increasing at each run the 
membrane's tension by widening the frame's radius: the initial radius Rj = 32.34 (Tq 
was successively increased of 0.35 ctq up to Rj = 37.39 ao- As the radius increased, 
the excess area decreased from ^ 3.3% to ~ 2.4%. 

For each run, we have plotted the fluctuation spectrum as detailed in section 7.4.2 
to obtain r and n. A typical example is shown in Fig. 7.19, where we have colored 
the points in function of the angle that the wave-vector associated to the mode did 
with the horizontal direction of the grid. First, we can remark that there is no clear 
color pattern, which indicates that the membrane is indeed isotropic. Second, we 
can see that in the region of large wave-lengths, the dots are well-fitted by a linear 
curve, from which we deduce r and n. 




0.5 1 1.5 



Figure 7.19: Deducing r and k: the colored dots represent the inverse of the average 
intensity of a mode plotted as a function of the squared wave vector. The colored scale 
represents the angle that the wave-vector does with the horizontal direction of the grid. 
Remark that there is no color pattern, which is an evidence of the system's isotropy. The 
line represents the linear fit for large wave lengths (A > 9ao, corresponding to < 0.5) 
from which r and k are deduced. 



We plot the results obtained for each run as a function of the corresponding 
excess area in Fig. 7.20 (we remind that the smaller the excess area, the bigger the 
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frame's radius). In Fig. 7.20(a), we note a small dependence of k as a function of the 
excess area. In Fig. 7.20(b), we compare the values of r, a and r: the three decrease 
as the excess area increases, as expected. As we predict, we have always a bigger 
than r and their difference is bigger for small tensions. Concerning the renormalized 
tension r, we find values not very different from r and a, which is reassuring. The 
tension fluctuation Ar, represented by red bars, seems almost constant, which agrees 
at least qualitatively with the predictions of chapter 3. 



a 7o 




2.4 2.5 2.6 2.7 2.8 2.9 3 3.1 3.2 3.3 



2.4 2.5 2.6 2.7 2.8 2.9 3 3.1 3.2 3.3 



(a) Bending rigidity. 



(b) Tensions. 



Figure 7.20: At left: values of k in units of k^T obtained by the linear fit shown in 
Fig. 7.19 for different values of excess area. At right: measured tensions as a function of 
the excess area. 



At this point, we have good indications that the our network mimics well a 
liquid membrane under the Helfrich Hamiltonian. In the next section, we will test 
quantitatively the compatibility of these results with our theoretical predictions. 



7.5.1 Difference between r, cr and r and our predictions 

In chapter 2, we predicted that 



a — 



kBTA^ 



in 



^lnfl + ^ 



(7.24) 



where A is the bigger wave- vector possible and ar = kA^. 

In this section, we would like to verify quantitatively the compatibility of eq.(7.24) 
with the data of the last section. We made a one- variable fit of eq.(7.24) by adjusting 
the value of A. The best fit, for A = 1.03 ct,^^, is shown in Fig. 7.21(a). The com- 
patibility between the data obtained from the simulation and the predicted values 
is relatively poor. 
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(a) Tension r. 



(b) Excess area. 



Figure 7.21: At left, we show with the red triangles the measured values of r in units 
of k-Q,T/aQ. We have fitted eq.(7.24) to the red triangles by adjusting A. The best result, 
obtained for A = 1.03 ctj^^, is shown with green squares. At right, we applied this value of 
A to eq.(7.25) and obtained the predicted excess area (green squares), which are clearly 
incompatible with the measured excess area (red triangles). 



In chapter 2, we have also predicted the dependence of the excess area on the 
tension cr: 

a = ^lnf^). (7.25) 

Both eqs.(7.24) and (7.25) should be valid under the same conditions. Accordingly, 
we decided to make a self-consistency test by plotting the predicted values of the 
excess area obtained through eq.(7.25), with the A obtained above. We observe 
that the predicted values for the excess area are consistently smaller than the values 
measured during the simulation. 

Up to now, we have not a clear explanation for these results. Two hypothesis 
deserve further attention: 

• our membrane is not exactly very tense, since it is very easy to stretch the 
bonds. Indeed, stretching a bond to its maximum costs only ~ Q.2bk-BT for 
/3o"qS = 1. It is thus possible that the simulated membrane is not under the 
hypothesis of our theory. We could thus imagine further tests with a higher s, 
but in this discussed earlier, the membrane would loose its liquidity. 

• the projected area of the membrane could be bigger, which would explain why 
the measured excess area is consistently bigger than the predicted. When 
we proposed the equilibration criteria in section 7.3.1, we studied the average 
shape of the membrane, as shown in Fig. 7.12. We have not however excluded 
the possibility of a rotating deformed shape: in this case, we would still have an 
average shape nearly flat, but the membrane would actually fluctuate around 
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this deformed shape, with a projected area bigger than if it fluctuated effec- 
tively around a plane. To verify that, we should perform a rotation to align 
the configurations before evaluating the average shape by aligning the direc- 
tion of the maximum height at each step, for instance. This would however 
not explain the poor fit shown in Fig. 7.21(a). 

7.6 Extraction of tubes 

In parallel with the studies on the membrane tension, we have explored the 
possibility of extracting tubes from our simplified membrane. To pull a tube, we 
have applied a harmonic potential 

Vtube = hnhc , (7.26) 

to a central bead whose height is denoted by h. The preferred height of the tube 
is defined by the choice of Hq. As in the case of the frame's force, we could obtain 
the force applied to pull the tube, as well as its fluctuation. The first results for the 
same parameters of the last section, with Rf = 33.04 ao, are shown in Fig. 7.22. 



16 r 




(a) ho = 10 (To. (b) ho = ISctq. 



Figure 7.22: Tube pulled from a membrane for two different values of ho. At right, 
remark that the angle between the triangles is very important in the protruded region. 
The vertical and horizontal scales are different. 



Looking at these images, we remark a first problem: the angle between the 
triangles is very large. This phenomenon is still more marked for a bigger tubes 
(see Fig. 7.23(a)), where the protuberance becomes almost flat. The problem comes 
from the discretization of the curvature energy: 

^f"^* = A:$^(l-r*.-n^), (7.27) 

where a and (3 are adjacent triangles. As discussed before, this discretization is 
valid only for 1%^ ~ Tifj, since large deformations bear an unphysical finite cost. We 
proposed thus an alternative discretization 
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^/discret = e(i+--/5) . (7.28) 

With this discretization, the energy cost is roughly the same as before for tIq, ^ n^, 
but it increases exponentially as Ua approaches —rip. The resulting tube, with the 
same parameters as in Fig. 7.23(a), has a more normal appearance (see Fig. 7.23(b)). 




(a) ho = 20 fTo with eq.(7.27). (b) ho = 20 ctq with eq.(7.28). 



Figure 7.23: Tubes pulled from membranes with the same parameters as before, but 
with different discretizations for the curvature energy. The vertical and horizontal scales 
are different. At left, we see an almost flat protuberance, while at right we see a normal 
tube. 



Due to time constraints, we have not examined the dependence of the force 
needed to extract a tube as a function of its radius. It would also be interesting to 
measure the tube's radius: together with the measure of the force, one could thus 
deduce the tension a and the bending rigidity k. 



7.7 Perspectives and discussion 

As mentioned at the beginning of this chapter, we presented here only preliminary 
results and many issues need further attention, such as: 

1. verify more carefully if the average shape of the membrane is indeed planar. 

2. study the dependence of Ar on a. 

3. in section 2.4.1 of chapter 2, we predicted that for a membrane under no 
external force, i. e., with r = 0, the natural excess area was given by 



which depends only on the membrane bending rigidity and temperature. If 
however one forgets the difference between r and cr, ttgq should also depend 
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logarithmically on the size of the membrane (see eq.(2.77)). Numerically, we 
could thus adjust the frame's radius Rf for different membrane sizes in order 
to have (r) = and measure the excess area in each case. 

4. study better the extraction of tubes and the effects of the alternative discretiza- 
tion of the curvature energy proposed by us. 

5. perform a systematic study on the time needed for a system to equilibrate as 
a function of its size and parameters. 

At last, even if using a network to simulate a membrane presents many advan- 
tages, it presents a severe drawback: in order to assure liquidity, the bonds must 
be very easily stretched. To make the bonds stiffer without affecting the membrane 
liquidity, one possible solution would be to pass to a macrocanonical ensemble of 
effective particles: the network would have thus a non- fixed mimber of beads. A new 
particle could be introduced in the middle of a very stretched triangle, which would 
restore the liquidity for the case of high tension. Conversely, beads should also be 
deleted from the network. In practice, this is very difficult to implement already 
from a data structure point of view and the results are not sure. 

7.8 In a nutshell 

In this chapter we presented some preliminary results of a numerical experiment 
consisting in a piece of weakly fluctuating membrane attached to a circular frame. 
Numerically, it was represented by a triangular network whose connectivity evolved 
to simulate liquidity. At each vertex of the network, we placed effective particles 
that could interact with their first neighbors. The bending rigidity was mimicked 
by an interaction between adjacent triangles and the particles in the network's edge 
were submitted to a harmonic potential in order to force the circular frame. We 
used a Monte Carlo method to obtain a large sample of equilibrium configurations, 
from which we could evaluate averages of the mechanical tension, excess area and 
fluctuation spectrum. Our first results seems to show that the network behaves 
similarly to a membrane, but we could not quantitatively verify our predictions 
concerning the membrane tension. Many questions in this chapter were left untackled 
due to time constraints. 
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Lipid membranes are very particular materials: despite being almost unstretch- 
able microscopically, in mesoscopic scale they can be easily stretched through the 
flattening of thermal fluctuations. Indeed, lipid membranes are highly fluctuating 
and present thus an excess area relative to its optically resolvable area. 

In the beginning of this work, we have seen that the term surface tension des- 
ignates several quantities in the context of lipid membranes. First, there is the 
tension r needed to increase the projected area, or equivalently, to reduce the excess 
area. Secondly, there is a, the Lagrange-multiplier introduced theoretically to im- 
pose a fixed microscopical area to the membrane. Finally, there is the macroscopic 
counterpart of a, r, related to the spectrum of fluctuation. 

Experimentally, r can be obtained directly from the fluctuation spectrum and r 
can be measured through the Laplace pressure, for instance. On the other hand, 
the theoretical predictions usually involve a, which is not directly measurable. To 
interpret experimental data, the equality between these quantities is often taken 
for granted. Our main goal throughout this work was to determine under which 
conditions these suppositions are justifiable, specially the equality between r and a. 

Firstly, we have treated the simplest case of a planar membrane. In the literature, 
we find some former calculations relating r to cr and r. There was, however, no 
consensus: different results were found, depending on how the calculation was made 
and on the precise definition of r. Indeed, the method involved deriving the free- 
energy with respect to the projected area of the membrane, which we have shown here 
to be very tricky. To work around this problem, we have chosen to use a more recent 
tool: the projected stress tensor, a tensor that relates the force exchanged through 
an infinitesimal cut on the membrane to the projection of this cut on the projected 
plane. The definition of the mechanical tension r is thus straightforward: it is simply 
given by the average of the projected stress tensor. As supplemental advantage, the 
projected stress tensor can be relatively easily derived for other geometries, such as 
spherical and cylindrical, which we have treated in this dissertation. 

After evaluating the average of the projected stress tensor, we have obtained an 
exact relation between r and a for weakly fiuctuating planar membranes. In a general 
way, we have r ~ a — (Jq, which is the most important result of this dissertation. The 
constant ctq depends on the temperature and on the frequency cutoff A, i. e., the 
highest wave- vector allowed. At room temperature and considering A = 1/(5 nm), 
we find (Jo ~ 5 X 10~^N/m. Accordingly, the assumption a ~ r is justifiable only 
for high tensions. Otherwise, one must consider the corrected relation to interpret 
correctly experimental data. Indeed, some experiments on the adhesion of vesicles 
seems to agree with our predictions. 
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In laboratory, planar membranes are very difficult to manipulate. Vesicles are 
more commonly used, specially the giant vesicles that can be easily manipulated with 
a micropipette. These vesicles can be poked, i. e., free to exchange inner material 
with the suspension medium, or closed, i. e., with a fixed volume. We examined thus 
how the volume constraint and the geometry affected the above mentioned relation 
for quasi-spherical vesicles. For both poked and closed vesicles, we conclude that 
the relation obtained in the planar case is a very good approximation. Interestingly, 
we predict that the internal pressure of a spherical vesicle can be smaller than the 
outer, which is impossible in liquid drops. 

Another popularly geometry found in membrane experiments is the cylinder. 
Indeed, nanotubes are extracted from a piece of membrane, typically a vesicle, by 
applying a point force with an optical tweezer or with a magnetic field. Using 
a simplified mean-field calculations and supposing cr ~ r, the bending rigidity is 
usually obtained from the curve force versus tension. Recently, however, theoretical 
calculations have predicted that the shape fiuctuations for this geometry are very 
strong. We expect hence that these fluctuations may affect the interpretation of force 
measurements. In this work, we have found that these fluctuation do affect indeed 
the value of the mean-fleld force. Curiously, the effect has never been observed, since 
the assumption a ^ t seems to coincidcntly make up for the thermal fluctuations. 

Aside from the evaluation of tensions and forces, we have also evaluated for the 
flrst time the standard deviation of these quantities due to thermal fluctuations. As 
in tubular geometry the shape fluctuations are important, we would like to verify 
if the fluctuation of the force needed to extract a membrane tiibc could be used to 
characterize a membrane. Our results show that the force fluctuation depends on 
the temperature and that it is very sensitive to the values of A, whereas it does 
almost not depend on the bending rigidity nor on the tension. It should thus be 
of little usefulness to characterize mechanically a membrane. On the other hand, 
it is possibly interesting to study the activity of active proteins embedded in the 
membrane, which has an effect similar to changing temperature. 

Finally, while we have characterized rather well the relation between r and cr, we 
leave almost untackled the question of how r relates to the other tensions: we have 
just questioned a former prediction stating that r — t and observed a non-trivial 
behavior of r in two numerical experiments proposed by us. The question is however 
very important and needs further attention, since r is a popular non-invasive method 
used to accede to the tension of a membrane. 
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Alternative derivation of the 
projected stress tensor 

We re-derive here eqs.(1.58)-(1.60) directly from eq.(1.50). We consider a local 
tangent frame {X, Y, Z) attached to the membrane, with the first two axes parallel 
to the principal curvature directions and the third one parallel to the membrane 
normal, as shown in Fig. 1.38(a). In this principal tangent frame, as introduced in 
section 1.5.1, the force exchanged through a cut of length d£' is given by 

dcf) = t ■ u d£' , (A.l) 

where u is the normal to the cut within the tangent plane andS is given by eq.(1.50). 

Now, consider the fixed reference plane 11 introduced on section 1.5.2. The 
projected stress tensor S is defined by 

d(t)^'E-mde, (A.2) 

where di is the length of the cut's projection onto 11 and m the normal to the cut's 
projection within 11 (see Fig. 1.39). We aim to obtain S by comparing eq.(A.l) and 
eq.(A.2) when the membrane normal exhibits only small deviations with respect to 
the normal to H. 

We consider an orthonormal basis {x, y, z) with Cx and Cy belonging to 11. We 
choose m = e^, the cut's projection being parallel to Cy. Locally, the membrane 
shape may be approximated by a quadratic form: 

1 1 

z = h{x, y) c^ho + ax + by + -ax^ + l3xy+-'fy^, (A. 3) 

with (a, 6, a, /3, 7) = {h^, hy, h^x, h^y, hyy) = 0{e) and e <C 1. We shall apply three 
successive frame rotations in order to bring the fixed frame {x, y, z) to the tangent 
principal frame {X, Y, Z) . 

First, we make a rotation about Cx of angle 9i = b, plus a vertical translation. 
The new coordinates, indicated by a prime, are related to the old ones by 
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X ^ x' , (A.4) 

y = {l-^^^y'-hz' + 0{^), (A.5) 

z = ho + hy'+(^-^^^z' + 0{e''). (A.6) 

Note that e'y is thus parallel to the actual cut within the membrane. We perform 
a second rotation, about the new axis e'y of angle 62 — a va. order to make the new 
plane {x",y") coincide with the tangent plane: 

x' = (^i-^^x"-az" + 0{e^), (A.7) 



y' = y\ (A.8) 



Note that e^' = is still parallel to the actual cut, while e!^' is now the normal to 
the cut within the tangent plane. In other words e!^ = v. 

In the (x", y", z"^ coordinate system, the membrane shape is given simply by 

^" = 1 a + /3 x"y" + - 7 + o{^) . (A.IO) 

Finally, we arrive to the principal tangent frame (X, F, Z) by making a rotation 
about ez'i in order to diagonalize the quadratic form. Indeed, if we set 

x" = Xcos^-Fsin^, (A.ll) 

y" = Xsin^ + rcos^, (A.12) 

z" = Z, (A. 13) 

where 9 is the solution of 

2/3 cos 2^ = (a -7) sin 2^, (A. 14) 

the cross term vanishes, leaving Z = |CxX^ + ^CyY"^, where Cx = acos'^9 + 
7sin2^ + ^sin2^ + 0{e^) and Cy = 7COs2^ + asin^^ - ^sin2^ + 0{e^) are the 
principal curvatures. 

Comparing cqs.(A.l) and (A. 2) while using m — Bx, — Bx" and d£' — d£{l + 
6V2) + C(e3), yields 

^xx^ (^l + ^^ex-t-ex" + 0{e^), (A.15) 
^yx ^ (l + ^\eyt- Bx" + 0{e^) , (A. 16) 



E,, = ( 1 + - ) e, • S • e,. + 0{e') . (A.17) 
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Calculating S ■ e^" from eq.(1.50), we obtain 

S • e^// = cosO (a + -Cy - - C\j ex 

dC 

- .^e., (A.18) 

with C — V^/i + 0{e^). We have taken advantage that the terms oc ez in eq.(1.50) 
are equal —k ez ® VC. Going to the {x" , y" , z") basis and using eq.(A.14), we have 
simply 

- 'l^{a + ^)ey.-K^e,. + 0{e'). (A.19) 

Since C = 0{e), we can replace d/dx" by d/dx, since the difference between 
the latter is of order e^. Using now directly eqs.(A.15)-(A.17), with e^" • e^ — 
(1 - a^/2) + O(e^), ey» ■ e^ ^0, • = -a + 0{e^), etc., yields 



+Kad^C + 0{e^), (A.20) 
= -aab-K(3{a + -f) + Kbd:cC + 0{e^), (A.21) 
S^^ = cTa-fi;a^C + 0(e^), (A.22) 



which coincide with eqs.(1.58)-(1.60). 
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Appendix B 

Projected stress tensor for a 1-d 
filament 



The derivation of the projected stress tensor for a 1-d filament follows the same 
reasoning presented in section 1.5.2. The force exchanged through a cut is given by 



/ 



^1D 



(B.l) 



where m = rrixex = ^e^, depending on the orientation of the projected cut. Note 
that the stress tensor now has just two components. For a general filament whose 
energy is given by 



= / f{hx, hxx) dx , 

J Ln 



(B.2) 



an arbitrary small displacement 6a = Sax + of the membrane, at equilib- 

rium, leads to the energy variation 



sn 



f Sax+ ( - d^ -^J— 1 5u 



(B.3) 



6L„ 



where 8Lp indicates a sum over the two edges of the filament. Keeping the tangent 
to the filament at the edges unchanged so that torques perform no work, we have 



(B.4) 



and 



5ur — — Sur 



(B.5) 



Finally, comparing the work of the force / given in eq.(B.l) and the work given 
in eq.(B.3), using eq.(B.4) and eq.(B.5), we obtain 



.ID 



/ 



dh-r 



df 



hxx ~l~ 9x 



dhx. 



dl_ 

dhT-r 



(B.6) 
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For TiiB (eq.(2.44), we have 



— cr — —h^ — —hlj. + K hxxxhx , 

^ID 



= ahx-nKxx- (B.7) 
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Estimative of 




In this section we explain in details the theoretical estimative of the adhesion 
energy per unit area W^^° proposed by Radler et al. [84]. They took into account 
two attractive interactions, coming from the van der Waals interactions and gravity, 
and a repulsive interaction with entropic origins, due to the restrictions imposed on 
the membrane fluctuation. They considered the screened van der Waals potential 
given by 



where Ah is the Hamacker constant, s is the distance between the membrane and 
the substrate, a is the membrane thickness and Ad is the Debye screening length, 
given by 



where Eq is the vacuum electrical permittivity, Sr is the dielectric constant of the 
solvent, e is the elementary charge, Na is the Avogadro number, Zi is the charge 
number of a dissolved ion and Cj is the respective molar concentration. The last 
term in eq.(C.l) is a correction coming from the screening of the substrate due to 
the presence of ions in the solution. Indeed, it is expected that some part of the 
MgF"^ coating of the glass cover slip is present in small concentration in the buffer 
solution . 

As vesicles are prepared in a sucrose solution, there is possibly a difference of 
density between the internal fluid of GUVs and the buffer solution. The potential 
due to gravity per unit area is given by 



where g is the gravity acceleration, Ap is the density difference, Vy = 4/37ri?ygg is 
the vesicle volume, Ac — nRl is the contact area and hcu is the height of the center 
of mass. Assuming that the shape of the vesicle does not change with the distance 
from the substrate, we have Hm — R± + {s), where R± is the height of the center 




(C.l) 




(C.2) 



Vgrav = gAphcM -p" , 



(C.3) 
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of mass relative to the contact region of the vesicle and so the free-energy is simply 
given by 

V,,,^ = gAp{s)^. (C.4) 

Finally, to evaluate the steric potential that arises when fluctuations are limited, 
they used the equipartition of energy to estimate the energy per uncorrelated patch 
of membrane of size ^y: 

Steric = b ^2 ' (^-5) 

where 6 is a numerical factor. To obtain , the group assumed that the contact area 
was equivalent to a flat membrane under a quadratic potential (Hamiltonian given 
in eq.(1.38)) which yields two limiting cases: the case where adhesion is dominated 
by rigidity (with the corresponding equations shown in the flrst line of table ??) and 
the case where adhesion is dominated by tension (second line of the same table). 
Further details on the derivation of these equations are given in appendix D. 



Case 




^11 


Relation 


a < a* 


kBT 






a > a* 


^ln(^) 







Table C.l: Theoretical previsions for ,^_|_ and as a function of a, k and V" , with 
(T* = AkV" . The first line corresponds to the case where adhesion is dominated by 
rigidity, while the second line corresponds to the case where it is dominated by tension. 
The last column is obtained by substituting the third column on the second. 



To determine whether experimentally the adhesion was dominated by rigidity or 
tension, Radler et al. plotted the measured values of ^\ as a function of V" , k^T, k 
and a (assuming r ~ a) using the equations given in the second column of table ??. 
For the equation corresponding to the case dominated by the tension, they obtained 
a nice linear relation (see Fig. C.l). The same analysis was performed on ^y, this 
time using the equations of the third column of table ??. Again, a linear relation 
was obtained for the lower equation (see Fig. C.l, lower flgure). They concluded 
that it was reasonable to assume cr ~ r in this experiment and that the behavior of 
the membrane was dominated by tension. 
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(a) Experimental vertical roughness £,± as a func- 
tion of the expected curve for the case dominated by 
tension (lower line of table ??). 
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(b) Lateral correlation length as a function of the 
curve expected in the same limit (lower line of ta- 
ble ??). 



Figure C.l: Experimental correlation lengths as a function of the expected curves for the 
regime dominated by tension [84] . Note that the curves were traced under the assumption 
a ^ r. 



Besides, in this case, it is theoretically expected that ^± relates to the mean 
separation from the substrate (s) through [144] 

where = ^Jkj^T / (2tt a). 

Prom eq.(C.5), the last equation of table ?? and eq.(C.6), one obtains finally 
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Kte.c = 6^^^j e (C.7) 

where 6 is a dimensionless prefactor. One can see the plot of Vtotai = Kdw + ^teric + 
V^grav for typical experimental values a = 1.7 x lO^^N/m, k = 35 /cb?", b = 0.085, 
Ah = 2.6 X 10~^^J, Dm = 20 /xm, = lO/^m, Ap = 7kg/m^ can be seen in 
Fig. 1.33(b). 



204 



Appendix D 

Determination of ^_\_ and for 
planar membranes under a 
quadratic potential 



In this section we derive the correlation length and the roughness for 
a planar membrane under a quadratic potential [145], [144]. Assuming that the 
Hamiltonian is given by eq.(1.38), the correlation function is given by 

By definition, one has 



{h{r)h{r)) 
kBT 

A. 



.„ V" + aq^ 
1 



kBT 

27RT 



^max 



dq 



P •' !?min 



(27r)2V" + CTg2 + fi;g4 



(D.2) 



where the last step is justified for very large and for cra^/ «; <^ 1 (a is a microscop- 
ical cut-off of order of the membrane thickness) . The crossover tension a* — \/AkV" 
defines two limits: one dominated by tension (cr > a*) and one dominated by the 
rigidity (cr < cr*). The function Q is given explicitly by 



n{y) = { 



tanh-l(^l-j/-2) 



for y < 1 , 



for y > 1 . 



(D.3) 



To estimate ^y, one must evaluate the general correlation function 
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UNDER A QUADRATIC POTENTIAL 



k^T dq qJoiqr) 



Ap ^V" + aq^ + Kq^' 

^ q 

/cbT Z"'?™'"^ dq e*"?-^ 

^V" + aq^ + nq^' 

n _ Ir, ( nr\ 

K h.... {27^)V" + aq^ + Kq^' 

where Jo{x) is the Bessel function of the first kind and of order and compare its 
asymptotic behavior with ^^e~''/^ii . 

The resuhs coming from eq.(D.2) and eq.(D.4) for the two hmiting situations are 
summed up in table ??. 



Case 






Relation 


a < a* 








a > a* 









Table D.l: Theoretical previsions for ^_|_ and as a function of a, k and V" . The last 
column is obtained by substituting the third column on the second. 
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Verification of the projected stress 
tensor in spherical geometry: the 
planar limit 

In order to check the expressions given in eqs. (4.27)- (4.32), we consider the hmit 
i? — )■ oo, which should yield the projected stress tensor for a flat membrane given 
in section 1.5.2. We consider a general point (6', 4>) on the sphere and we define a 
local system of Cartesian coordinates {x,y,z), such that dx — Rd9, dy — Rsm9d(f) 
and dz — dr. We want to determine the projected stress tensor S' in these new 
coordinates. The component of the elementary force dfa along a general direction a G 
{x, y, z} exerted through a cut perpendicular to x reads dfa = ^'ax = d(f), with 
the correspondence di = RsmO dcj). Thus we have S^^, = Ea6)/(i?sin 6*). Likewise, 
T^'^y = T,a(j,/R, since in this case di — Rdd. In the limit of large i?, the plane tangent 
to the sphere at the point (^,0) becomes the reference plane of the membrane, and 
the height of the membrane over this plane is h{x,y) — Ru{9,(j)). Hence ug — 
Rux = hx, = R ainOuy = sin 9 hy, ug^ = R^ u^x = Rh^x, = R^s\v?9uyy = 
R sin^ 9 hyy, etc. Keeping the terms that are dominant in the limit i? ^ oo, we 
obtain 



y' 

XX 


= ^ + f (^J - ^x) + 1 {Ky - hlx) + KhAV^h , 


(E.l) 


y' 


= —ahxhy — KhxyV^h + Khydx'^^h, 


(E.2) 


^rx 


— ahx — KdxV^h, 


(E.3) 


y 

^yy 


- <^+^{hl-hl)+^ {hi - hly) + KhydyV'h , 


(E.4) 


y 

^xy 


= —ahxhy — KhxyV'^h + nhxdy'V'^h, 


(E.5) 


y 

^ry 


— ahy — ndy'V'^h, 


(E.6) 



which agree with the results of section 1.5.2. 
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Correlation functions for vesicles 
and their relationship 



There are five fundamental correlation functions, which we have calculated ex- 
plicitly: 



. 2 _ A;bT^/(/ + 1)(2/ + 1) 
sm B — — > ^ 



1=2 



2H, 



sm 9— — > 



8H, 



keT + 1){21 + 1) 



uj - 1=2 

Y^diYrd^Yrr, 

CO 

ksT ^ /(/ + 1)(2/ + l)(-2 + 3/ + 3/2) 
An 



2H, 



(F.l) 



[4 + 3(-2 + / + sin^ ^ , (F.2) 

(F.3) 



E 



1=2 ^^^i- 

T _ 



8H, 

m'deYrde {Y^ 
ksT ^1{1 + 1){21 + 1) 



(F.4) 



_ ^ ksT _2 

,„ Hi 



An 



E 

1=2 



2H, 



1 + M^3in2, 



(F.5) 



The other correlation functions either vanish or may be deduced from them. 
Remembering that _^ = (-1)"*-^;^, (F;"*)* = (-l)"^y-"' and 
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^^^^^ = {^mrYr{e,<|>), (F.6) 

one can demonstrate that 

d^+'Yr{9, 0) dp-%^*{9, 4>) _ d^Yr{9, 0) dPYr*{0, 0) 

a^n+i d(f)P-^ 90" d(f)P ' ^ ■ ^ 

which holds also in the presence of derivatives with respect to 9. Ftom this relation, 
one deduces the following rule: when averaging the product of two terms, one may 
pass a derivative with respect to from one term to the other while multiplying by 
— 1. Hence, 



{uD = -{uu^^}, (F.8) 
(u^ug) = -{uu^e) , (F.9) 
{u^uge) = -{ugu^e) ■ (F-10) 

Consequently, averages implying an odd number of derivatives with respect to 
vanish: 



{u u^) 


= 0, 


(F.ll) 


{ue u^) 


= 0, 


(F.12) 




= 0, 


(F.13) 


{ug Ug^) 


= 0, 


(F.14) 


{ugg Ug^) 


= 0, 


(F.15) 




= 0. 


(F.16) 



Another very helpful relation is the addition theorem for spherical harmonics: 
Yr{9,A)Yr{e,A) = ^PKcos(7)) , (F.17) 

m=—l 

where Pi is the Legendre polynomial of order / and 7 = ^2 — ^i- By differentiating 
this relation k times with respect to 9i and p times with respect to 6*2, one obtains 



^ d'^Yr{9r,<i>)dPYr{92A) , (2/ + l)ci^+^PKcos(7)) .^...^ 

^ d9l d9l ^ ' 47r d-i^^P ■ ^ ^ ^ 

m=-l ^ ^ ' 

In particular, for 9i — 92 — 9, we have 



' d'^Yr{9,<j))dPYr{9,<P) , (2l + l)d'^^pPi{l) 

2^ d9k d9P ^ ' 47r d-ff'+P ' ^ ' 

m=-l ' 

Inversely, one can differentiate eq.(F.17) p times with respect to 9i and k times with 
respect to ^2, and then make 9i — 92 — 9, which yields 
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RELATIONSHIP 



m=-l ' 

For 9i = 6*2, we can exchange k and p and thus eq.(F.19) must be equal to eq.(F.20). 
Accordingly, the sum 

' d''Yr{e,ci>)dPYr{9Ar o^) 

^ de'^ dop ^ ' ' 

m=—l 

vanishes for k + p odd, implying: 



(uue) = 0, (F.22) 
(uueee) = 0. (F.23) 

Note that this does not hold when derivations with respect to are also involved. 
Starting again from the addition theorem, one may show that 



^ d''+%^{9, 0) dP-%"^*{9, 0) _ d'Yr{9, (t>) d^Yne, ct>) 

QQk+l QQp-l QQk QQp ■ V ■ J 



m=—l 



It follows that, when averaging the product of two terms, one may pass the derivative 
on 9 from one term to the other while multiplying by —1. This holds only, however, 
in the absence of derivatives with respect to 0. As a consequence 



{ueue) = -{uuee) , (F.25) 
(ueueee) = -{ueeuee) ■ (F.26) 

Finally, one may also use the fact that AF;"*(^, 0) = 0, where A is the Laplacian 
in spherical coordinates, to obtain 

{u0 uee) = cot 9{u uee) - csc^ 9{u0 u^^) . (F.27) 
Since (ueueo) vanishes, one obtains 

{ue u^^) = - sin 6* cos 9 {uD . (F.28) 

In conclusion, eqs.(F.l)-(F.5), together with eqs.(F.8)-(F.16), eqs.(F.22)-(F.23) 
and eq.(F.28) give all the correlations needed to evaluate (S). 
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